arXiv: 1508.05168vl [math.PR] 21 Aug 2015 


Weak convergence rates for spatial spectral 
Galerkin approximations of semilinear stochastic 
wave equations with multiplicative noise 

Ladislas Jacobe de Naurois, Arnulf Jentzen, and Timo Welti 
ETH Zurich, Switzerland 

August 24, 2015 

Abstract 

Stochastic wave equations appear in several models for evolutionary processes subject to 
random forces, such as the motion of a strand of DNA in a liquid or heat flow around a 
ring. Semilinear stochastic wave equations can typically not be solved explicitly, but the 
literature contains a number of results which show that numerical approximation processes 
converge with suitable rates of convergence to solutions of such equations. In the case of 
approximation results for strong convergence rates, semilinear stochastic wave equations with 
both additive or multiplicative noise have been considered in the literature. In contrast, the 
existing approximation results for weak convergence rates assume that the diffusion coefficient 
of the considered semilinear stochastic wave equation is constant, that is, it is assumed that 
the considered wave equation is driven by additive noise, and no approximation results for 
multiplicative noise are known. The purpose of this work is to close this gap and to establish 
sharp weak convergence rates for semilinear stochastic wave equations with multiplicative 
noise. In particular, our weak convergence result establishes as a special case essentially sharp 
weak convergence rates for the hyperbolic Anderson model. Our method of proof makes use of 
the Kolmogorov equation, the Holder-inequality for Schatten norms, and the mild ltd formula. 
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1 Introduction 


In the field of numerical approximations for stochastic evolution equations one distinguishes be¬ 
tween two conceptually fundamentally different error criteria, that is, strong convergence and 
weak convergence. In the case of finite dimensional stochastic ordinary differential equations, both 
strong and weak convergence are quite well understood nowadays; see, e.g., the standard mono¬ 
graphs Kloeden & Platen and Milstein j^. In the case of infinite dimensional stochastic partial 
differential equations with regular nonlinearities strong convergence rates are essentially well un¬ 
derstood, but weak convergence rates are still far away from being well comprehended (see, e.g., 


10, 15, 16, 17, 18, 19, 20, 23, 25, 26, 27, 28, 30, 31, 33, 37, 40, 41, 42 for several weak 


convergence results in the literature). In this work we are interested in weak convergence rates for 
stochastic wave equations. Stochastic wave equations can be used for modelling several evolution¬ 
ary processes subject to random forces. Examples include the motion of a DNA molecule floating 
in a fluid and the dilatation of shock waves throughout the sun (see, e.g.. Section 1 in Dalang [l4]), 
as well as heat conduction around a ring (see, e.g., Thomas [^). Of course, these problems usually 
involve complicated nonlinearities and are inaccessible for current numerical analysis. Nonetheless, 
numerical examination of simpler model problems as the ones considered in the present work are 
a key first step. Even though a number of strong convergence rates for stochastic wave equations 
are available (see, e.g., [9, 28, 29, 35, 39, 41, 4^), the existing weak convergence results for 

assume that the diffusion 


stochastic wave equations in the literature (see, e.g., [^, 26, 27, 28, 41 
coefficient is constant, in other words, that the equation is driven by additive noise. The purpose 
of this work is to establish essentially sharp weak convergence rates for semilinear stochastic wave 
equations in the case of multiplicative noise. 

To illustrate the main result of this article, we consider the following setting as a special case 
of our general framework (see Section 3.1 below). Let {H, {■, ■)h,\\-\\jj] 
separable 


and 




be 


^-Hilbert spaces, let T G (0, cxd), let (12,7^, P) be a probability space with a normal 
filtration (J't)i 6 [o,T], let {Wt)t&[o,T] be an idf/-cylindrical (Ji)t 6 [o,T]-Wiener process, let ^ H 

be an orthonormal basis of H, let {AnjneN ^ (0,oo) be an increasing sequence, let A: D{A) C 
H ^ H he the linear operator such that D{A) = G 77: < oo} and such 

that for all v G D{A) it holds that Av = '^neN H^n, let (77,., (•, •) 


)Hr 


\Hr 


r G 


be a family of interpolation spaces associated to —A (see, e.g.. Definition 3.5.25 in [^), let 
(Hr, (•,-)Hr) IMInr)’ G 1^, be the family of M-Hilbert spaces such that for all r G M it holds 
that (Hr, (•, •)Hr) IMInr) ~ {Hr/2 X Hr/2-1/2, {■,■) Hr/2XHr^^_y^,\\-\\Hr/2XHrj2.y2'^ y ■ [Jr^R Hr “t 

UrgR Hr, N G NU{oo},be the mappings such that for all iV G NU{oo}, r G M, n G 77r it holds that 


Pn{v) = Hn,v)H,{K) Hn, let Pn- UrsR ^ G N U {oo}, be the map¬ 

pings such that for all N G NU{cx)}, r G M, {v,w) G Hr it holds that PAr(n,tc) = {Pi\f{v),P]s[{w)), 
let A: 72(A) C Hq —t Hq be the linear operator such that 72(A) = Hi and such that for all 
{v,w) G Hi it holds that A{v,w) = {w,Av), and let 7 G (0,oo), j3 G (Y 2 , 7 ], p G [ 0 , 2(7 — /3)], 
Cf,C'b G [0,oo), e G L2(P|^„;H2 (.i_;3 )), F G Lip°(Ho,Ho), B G Lip°(Ho, 722(f/, Hq)) satisfy that 


:Hp,L2(f/,H, 


{-A)-f^ G Li(77o), F|Hr G Lip‘^(H„H2(.i_;3)), BIh^ G Lip'^ 

G C^bdlreR^^-’^o)’ ^IrireKHr G (flreR -^2(f7 , Hq)), Cp = SUp^ 

||F"(a;)(ni,n 2 )|lHo < 00 , and Cb = sup,r,^,l,^ 2 enreKHr 
Theorem 1.1. Assume the above setting. Then 


nL(c/,H,)), F|n„ 


.Hr 


II B"(a;)(ni,n2) 11^2(17, 


Ho) 


0 " "«o- 

< CXD. 


(i) it holds that there exist up to modifications unique {Pt)t&[o/T]-pf'^dictable stochastic processes 
X^v _ : [0, T] X D ^ Pv(Hp), A G A U {cx>}, which satisfy for all N e N U { 00 }, 

that 


t G [0,T] f/iof sup^g[o^^]||Xf ||^ 2 (p.Hp) < 00 andP-a.s. 


xr = 


e^^Pwe + 


[ e^(‘-*)PArF(Xf) ds + [ e^(*-")P7vB(Xf)dIT, 

Jo Jo 


( 1 , 1 ) 
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(ii) and it holds that 




E[p(X??)] -E[p(X';)]|\ 

Af6N<^eC2(Ho,R)\{0} V 

— (1 V T) (l V 1 ^1 L2(p.Hp)) 

1 7^1 C2(Ho,IR) / 

• (ll^llni(P;H2(.,-«) + 

LipO{Hp,H2(.,_/5)) + 2||(-A) 

.(lv[T(Cj + 2Cj)]‘''“) 

exp(T[| + 3 F LipO(Ho,Ho) ^ 

■ exp (t 

lLipO{Hp,Hp) l®lwllLipO(Hp,L2(t/,Hp)). 


< oo. 


Theorem |1.1| is a consequence of the more general results in Remark 3T and Theorem 3T 
below (see Corollary |3.9[ ). Our proof of Theorem 3.7 uses, as usual in the case of weak convergence 
analysis, the Kolmogorov equation (see (3.30) below) as well as the Holder inequality for Schatten 
norms (see ( |3.34 ) below). In addition, the proof of Theorem |3 . 7| employs the mild ltd formula (see 
Corollary 1 in Da Prato et ah [^) to obtain suitable a priori estimates for solutions of (1.1) (see 


Lemma 3.2 and (3.24) in Section below for details). The detailed proof of Theorem 1.1 and 
Theorem ^ respectively, can also be found in Section 3.2[ 

Next we illustrate Theorem O by a simple example (cf. Corollary |3.13[ ). In the case where 

(■, ■)h, IMI/f) = (■> ■)[/, INI;/) = (-^^('^(0,1);!^), K •)l2(A(0.i);IR)) i = (^0,6) e 

iLg ((0) 1);X 77, F = 0, where A\ D{A) C 77 —)■ 77 is the Laplacian with Dirichlet boundary 
conditions on 77, and where B: 77 x 77_i/2 —>■ T2(77, 77 x 77_i/2) is the mapping which satisfies for all 
(n,w) G 77 X 77 _i/2 , u G C([0, 1],M) and A(o,i)-a.e. x G (0,1) that ['B{v,w)uj{x) = (0,n(x) ■u{x)), 
the stochastic processes : [0, T] x D —)■ P]sf{H), TV G N U {cxd}, are mild solutions of the SPDEs 


Xt{x) = ^Xtix) + PNXtix)Wtix) 


(1.3) 

with Xt(0) = Xt(l) = 0, Xo{x) = {PN^o)ix), Xo{x) = {Pn^i){x) for t G [0,T], x G (0,1), 
TV G N U {c)o}. In the case TV = oo, (1.3) is known as the hyperbolic Anderson model in the 
literature (see, e.g.. Conus et ah (^). Theorem 1.1 applied to (1.3) ensures for all ip G 77^(77,M), 
£ G (0, oo) that there exists a real number C G [0, oo) such that for all TV G K it holds that 


|E[(^(A:“)] - \<C-N 


e—1 


(1.4) 


see Corollary 3.13). We thus prove that the spectral Galerkin approximations converge with 


the weak rate 1- to the solution of the hyperbolic Anderson model. The weak rate 1- is exactly 
twice the well-known strong convergence rate of the hyperbolic Anderson model. To the best 


of our knowledge. Theorem 1.1 is the first result in the literature that establishes an essentially 


sharp weak convergence rate for the hyperbolic Anderson model. Theorem 1^ also establishes 
essentially sharp weak convergence rates for more general semilinear stochastic wave equations 


(see Corollary 3.11 and Corollary 3.13 below). 

The remainder of this article is organized as follows. In Sections 1.1 and 1.2 the general 


notation and framework is presented. Section [2T] states mostly well-known existence, uniqueness, 
and regularity results, while Section |2.3 collects basic properties about the interpolation spaces 
and the semigroup associated to the deterministic wave equation. The main result of this article. 
Theorem 3T below, is stated and proven in Section |3.2[ Finally, Section 3^ shows how this 
abstract result can be applied to relevant problems, in particular, the hyperbolic Anderson model 


see Corollary 3.11 and Corollary 3.13 below). 


1.1 Notation 

Throughout this article the following notation is used. For a set A we denote by V{A) the power 
set of A and by Vo{A) the set of all finite subsets of A. Furthermore, for two sets A and B 
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we denote by AAB be the set given by AAB = {A \ B) U {B \ A) and by M(74, B) the set of 
all mappings from A to B. In addition, let (•) A (•), (•) V (■): —?• M be the mappings with 

the property that for all x,y G M it holds that x A y = min{a:,|/} and x \J y = max{a:,|/}. 
Moreover, let F: (0, oo) —)■ (0, oo) be the Gamma function, that is, for all x G (0, oo) it holds that 
r(x) = e“* dt, and let Er- [0, cx)) -A [0, cx)), r G (0, oo), be the mappings such that for all 

r G (0,oo), X G [0, oo) it holds that Er[x\ = r(nr+i) ] Chapter 7 in Henry and, 

e.g.. Definition 1.3.1 in (^). Furthermore, for a metric space (77,^^), a dense subset A O E, 
a complete metric space (F, dj?), a uniformly continuous mapping f: A ^ F, and the unique 
mapping / G C{E,F) with the property that /|a = / (see, e.g.. Proposition 2.5.19 in (^), we 
often write, for simplicity of presentation, / instead of / in the following. In addition, for two 
M-Banach spaces (V, IHly) and (IF, IHly/) with V ^ {0}, an open subset G C I/, and a natural 
number fc G N = {1, 2, 3,...}, let Mc'=(( 7 ,iy)’ IMIc''(c/,w) • ^^(17, W) -A [0, oo] be the mappings with 
the property that for all / G C^{U, W) it holds that 

\\f^^Kx){vi,...,Vk)\\^ 


\f\cNuw) = = ^up sup 

— x&U vi,...,Vk£V\{0} 


Iw 


xeu 


Fillv 




V 


k 


WfWcMuw) ~ ll/(0)lliv+ / J/lcAc/.wn 


(1.5) 


( 1 . 6 ) 


l=l 


and we denote by C^{U,W) the set given by C^{U,W) = {/ G C^{U,W)\ ||/|lcfe(r/w) ^ 
Moreover, for two M-Banach spaces (F, IHly) and (IF, IHIw) V ^ {0}, an open subset U C 
V, and a number k e No = {0,1,2,...}, let MLipHc/,^)) IMiLipHDVK) ^ G^(f/, IF) [0, oo] be the 
mappings with the property that for all / G C^{U, IF) it holds that 


, \\fiA-fiy)\\\ 

bU.px,yGU, 

\upAu,w) = \ ^ 

\\^-y\\v 
k 

Up'^{u,w) ^ ll/(0)llvF + 'y^.lfluoAu.w)^ 

£=0 


: /c = 0, 

:keN, 


(1.7) 


( 1 . 8 ) 


and we denote by Lip*^(7/, IF) the set given by Lip^(17, IF) = {/ G C^{U, IF): ||/|lLip'=(!7 w) ^ 
Additionally, for two normed M-vector spaces (F, IHH) cind (IF, IHIw) IMlLG(viy) • M(F, IF) -A 
[0, oo] be the mapping such that for all / G M(F, IF) it holds that ||/||LG(yw) = 

For an M-Hilbert space {H, {■, let —)■ L{H) be the mapping with'the 

property that for all (3 G hi,/i2 G id it holds that ( 3 {hi,h 2 ) = {hi, h2 )h- Fur¬ 

thermore, for M-Hilbert spaces {Hi, {■, ■)i G { 1 , 2 }, let \\-\\lp(Hi,H2)- -^(FyiFa) [ 0 , oo], 
p G [ 1 , oo), be the mappings with the property that for all p G [ 1 , oo), A G L{Hi, H2) it holds that 
\\M\Lj,{HyH2) = (traceHi((A*A)'’/H)^^'’, we denote by Lp{Hi,H2) the set given by Lp{Hi,H2) = 
[a G L{Hi,H2): \\A\\lp{Hi H2) ^ Lp{Hi,H2) the Schatten p-class of bounded 

linear operators from Hi to H2. For brevity, for an M-Hilbert space (id, (•,•)//, IHIj:^) and a 
number p G [l,oo), we denote Lp{H,H) by Lp{H) and we call Lp{H) the Schatten p-class of 
bounded linear operators on H. In addition, for an M-Hilbert space (iF, (•,•)//, IHIj:^), an or¬ 
thonormal basis B C iF of iF, a mapping A: B —)■ M, a linear operator A: D{A) C H ^ H 
satisfying that D{A) = {n G FF : J 2 beM\^b{b,v)nf < 00} and that for all v G D{A) it holds that 
Av = ^b{b, v)Hb, and a mapping ip: M —)■ M, let (p{A ): D{ip{A)) C F 7 —)■ FF be the linear oper¬ 

ator satisfying that D{ip{A)) = G F 7 : J 2 bev\ 3 ^(^b){b,v)Hf < cxd} and that for all v G D{(p{A)) 
it holds that (p{A)v = Ylib&,^{^b){b,v)ub- For two M-inner product spaces (F, (■, ■)y, IHly) and 
(IF, (•, •)w, IHIw) we denote by (F x IF, (•, •)yxiv, IHlyxw) M-inner product space such that for 
all xi = {vi,wi),X2 = {v2,W2) G F X IF it holds that (a;i, a;2)vxiy = {vi,V2)v + {wi-,W2)w- Finally, 
for a Borel measurable set A G H(M) we denote by A^: ^{A) -A [ 0 , 00] the Lebesgue-Borel measure 
on A. 
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1.2 Setting 

Let (t^, (•,•)[/, II'll( 7 ) be a separable M-Hilbert space, let U C 17 be an ortlionormal basis of 17, 
let T G (0, 00 ), let P) be a probability space with a normal filtration (J7)te[o,T], and let 

(V17)tg[o,r] be an id( 7 -cylindrical (J7)te[o,T]-Wiener process. 


2 Preliminaries 


2.1 Existence, uniqueness, and regularity results for stochastic evolution 
equations 

Theorem |2.1 below is a direct conseqnence of Theorem 7.4 in Da Prato & Zabczyk [I^. 


Theorem 2.1. Assume the setting in Section 1.2, let {H, {■, ■)h,\\-\\jj) be a separable W-Hilbert 


space, let S: [0,oo) —)■ L{H) be a strongly continuous semigroup, and let p G [2, 00 ), F G 
Lip°(i7, TT), B G \jipP{H,L 2 {U,H)), ^ G L^(P|j-p; TT), Then there exists an up to modifications 
unigue {Ft)t&[Qg:]-predictable stochastic process X: [0,T] x D —)■ i7 such that for all t G [0,T] it 
holds lhal snp^g[o,T]ll^sllLP(p _H-) ^ °° andF-a.s. that 


Xt = St^+ [ St-sF{Xs)ds+ [ St-sB{X,)dWs. 


( 2 . 1 ) 


'0 


'0 


Remark 2.2. Assnme the setting in Section 1.2, let (i7, (•, •)j 7 , be a separable M-Hilbert 
space, let S\ [0, cx)) —>■ L{H) be a stro ngly continnons semigronp, and let F G Lip°(i7, 77), B G 
Lip°(77, 772 ( 17 , 77)). Then Theorem |2.l| shows that there exist np to modihcations nniqne (Xt)i6[o,r]- 
predictable stochastic processes : [0,T] x Tl ^ H, x G H, snch that for all x G 77, t G [0,T], 
p G [2,cxd) it holds that snp^gjo7.]||Xf^||^p^p.^^ < 00 and P-a.s. that 


Xf = Stx+ [ St-sF{Xf)ds+ [ St-sB{Xf)dWs 


( 2 , 2 ) 


Lemma 2.3. Assume the setting in Section 1.2, let {H,{-,-)h,\\-\\^) be a finite-dimensional 


vector space, let A G 77 (77), F G Cl{H,H), B G Cl{H,L2{U,H)), if G C'^(77,M), let [0,T] x 
fl ^ H, X E H, be {Ft)t&[o,T]-predictable stochastic processes satisfying that for all x E H, t E [0, T] 
it holds that snp^gjQ ,t|IIATII and P-a.s. that 


A'f = e"x+ / e''‘‘-*>F(.Yf)ds+ / e'‘<‘-*>B(.Yf) dlV„ 


(2.3) 


and let u: [0, T] x 77 —)• M 7e the mapping with the property that for all t E [0,T], x E FI it holds 
that u{t, x) = E,[f{Xf)]. Then 

(i) it holds that u E C^’^([0,T] x 77, M), 

(ii) it holds for all {t,x) E [0,T] x 77 that 

{Fu){t,x) = {Fu){t,x)[Ax + F{x)] + ^ (t,x)(H(a;)n, H(a;)n), (2.4) 

uSU 


5 









(in) and it holds that 


sup |'w(t, 

t£[0,T] bV . ; bV - ^ 


sup IIe 

_sG[0,T] 


As I 


\LiH) 




112 


\L(H) 


(2.5) 


< oo, 


sup |M(t,-)lc 2 (H,R) 
te[o,T] b\ - 2 


— 1111 (//,«) 


1 V 


T{\F 


Cl(H,H) 


+ 2\B\ 


Cl(HM{U,H)) 


)]‘0 


sup IIe 

Lse[o,r] 


As ||3 
L(H) 


( 2 , 6 ) 


■ exp 




-^As 11 ^ 


se[o,T] 


\L{H) 


< 00 . 


Proof of Lemma \2 .4 It is well-known that the assumptions that ip e C(^{H,'R), F G 
B G C(^{H, L 2 {U, H)) imply that (i) and (ii) hold, that there exist up to modifications unique 
(J^t)tg[o,T]-predictable stochastic processes ^ ■. [0,T] x fl ^ H, x,vi,V 2 G H, satisfying 

for all a;,ui,U 2 e H, t E [0,T], p G [2, cx)) that sup,g[o,T] llLP(P;r/) + \\^s’''"’''^\\lp{¥-,h)) < ^ 

and P-a.s. that 


-f / e^^^-^'>F'{Xf)Xf''’^ ds+ B'{Xf)Xf'^^ dkh,, 


(2.7) 


X-X1,V2 ^ g 


Xt-s) (^F'\Xf){Xf'^\ Xf’^^) + F'{Xf)Xf’^^''^^) ds 
^0 

-f [ e^^^-^\B"{Xf){Xf’^\Xf’^^) +B\Xf)Xf’^^’^^)dWs, 


and that for all {t,x) G [0,T] x if, Ui,U 2 E H it holds that 


iu)(t,x)v, = EP'(.Yf)A7’’''], 


£,u)(t,x){vuv,) = Ey(xf)(xr\xD+v'{xnxrX- 


( 2 , 8 ) 


(2.9) 

( 2 . 10 ) 


It thus remains to prove (iii). For this let V’p- —)■ M, p G [2, cx)), be the functions satisfying 
for all p E [2, cx), x E H that V’p(^) = ll^ll^- Then note for all p E [2,x), x, Ui,U 2 G ii that 
fjp E C'^(ii, M) and that 


V'p(a;)ui = 


V’„(x)(ui,U 2 ) = < 0 


: X = 0, 


p\\xf ‘^{x,Vi)h : X 7 ^ 0, 


2{vi,V2)h 

: p = 2 , 

0 

: (p 7 ^ 2) A (x 

p\\xfH‘^{vi,V2)H +p{p - 2 )||x||^"'^(x,Ui)/^(x,U 2 )r/ 

: X 7 ^ 0. 


( 2 , 11 ) 


An application of the mild ltd formula in Corollary 1 in Da Prato et ah on the test functions V’p, 
p E [2, x), and the Cauchy-Schwarz inequality hence yield for all p E [2, x), x,v E H, t E [0,T] 
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that 


E[||Arr„] = E[Vv(A7”')] 

= i’p{e''‘v)+ I E[i;i;(e'‘l'-*lY")e"'<‘-*lF'(A'f).Yf-”]ds 

Jo 


mSU ' 


< \\v\ 


+ 2 
^ 2 



(2.13) 




H 


sup IIe 
Ue[o,T] 


As\\P 
L{H) 


+ P 


sup IIe 
Ue[o,T] 


As\\P 
L{H) 


^2 \^\cl(H,L 2 iU,H))) [||Xf’'"||^] ds. 


Therefore, Gronwall’s lemma shows for all p G [2, oo), x,v G H that 

sup \\X^' ||2,P(P;//) 
te[o,T] 


< Ibllr/ 


sup IIe 
Ue[o,r] 


As I 


\L{H) 




As||P 

L{H) 


(2.14) 


Furthermore, applying again Corollary 1 in Da Prato et ah 12 on the test function i/’ 2 , the Cauchy- 
Schwarz inequality, and the fact that Va, 6 G M it holds that ab < imply for all x, Ui, V 2 G if, 
t G [0, T] that 

E[\\Xr’^%] 

= 2 [ e^(‘-*)(F"(X;)(X;’^hX,^’^2) + ds 

Jo 

+ E[||e-'‘l'-*l(B"(.Yf)(A7'«‘, A'f») + B'(A-).YJ-”‘«) ds 

ds 


< 




2 


+ 2 


112 

\l{H) 


1^1 




sup IIe 
Ue[o,T] 

+ 2 [ E[\\e^^^-^^B"{X^){X^’^\X^'^^ 


rE[||.Yf-’'‘»|lP ds 


(2.15) 


< 


sup ||x, 


X,Vi 


L5G[0,T] 

+ 2 


Ih: 


X,V2 


s \\L^(F-,H)\\ s \\L^{F-,H) 




L2{U,H) 
2 


\L2{U,H) 


] ds 


sup IIe 
De[o,T] 


As ||2 
L{H) 


sup IIe 
De[o,T] 


As||2 

L{H) 
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Gronwall’s lemma and (2.14), therefore, imply for all x,ni,n 2 G H that 


II ■\^X,Vi,V2 II 

sup PG |L2(p.^) 

te[o,T] 


< 


sup 

Ue[o,T] 


Jl-n“ 


■X,V2 


T{\F\ 




+ 2\B 




1/2 


sup IIe 
Lse[o,r] 


-.^5 I 


\L{H) 


expf T [2 + + \^\cI{H,L 2 {U,H))\ sup 

V bv / bv V se[0,7 


,As II2 


< 




1/2 


sup IIe 
Ue[o,T] 


T] 

As 113 

L{H) 


\L{H) 


( 2 . 16 ) 


exp I T[^ + + 4|i?|^i iH,L2iu,H))] sup 


,As ||4 


ss[o,r] 


\L{H) ■ 


Next note that ( |2.9[ ), ( |2.10 ), (2.14), and ( |2.16 ) ensure for all {t,x) G [0,T] x H, vi,V 2 G H that 

= lEP'(A'f).Yr]| < l4=lc.(«,.,E[||Ar‘||„] 


^ l|ui||//|‘p|ci(iy,R) 
■exp^THF 


sup IIe 

_sG[0,T] 


bV 

As I 


\l(H) 


(2.17) 


+ ^151^1 




] sup 
se[o,r] 


.,^5 112 


\L{H) 


and 

\{£n){t,x){v„v 2 )\ = |E[(p''(xn(xr-,xr’-) + (p'(xnxr-’-]| 




F rii II 1 

\L2(F-H) ' IX'ICi(H,R)^Lll"^i llr/J 


+ 


sup IIe 

_.sS[0,T] 


As||2 
L(H) 


exp 


I T[2|F|(^i(j^^) + sup I 

V / hy y n se[0,r] 


^As 112 


+ l|ui||_H-||u2|lHl7’lci(r/,R) '^{W\cl{H,H) + 2|-B|c2(r/,La(!/,//))) 

,As II4 


1/2 


sup IIe 
Lse[o,r] 


As ||3 
L(H) 


■ expf T [2 + sup I 

V se[o,T] 


\L{H) 


< I|ui||^||u2||//||/3||c2(h,r)(i V t(|f|(^2(^j^) + 2|i?|^2(j^_i2(f/,H))) 


1/2 


sup IIe 
Lse[o,r] 


As ||3 
L(H) 


■ exp 


^\^\cI{H,L 2 (U,H)^ sup ||e 
V bv ^ bv V se[o,r] 


As ||4 

L(H) j ■ 


This completes the proof of Lemma 2.3 


\L{H) 


(2.18) 

□ 


2.2 Setting 

Let {H, (•, ■)h, IMIji^) be a separable M-Hilbert space, let El C 77 be an orthonormal basis of 77, let 
A: El —)■ M be a mapping such that sup^jgu Xh < 0, let A: D{A) C 77 —)■ 77 be the linear operator 
such that D{A) = |u G 77; '^hm\^h{h,v)nf < C)o} and such that for all v G D{A) it holds 
that Av = Ylih&i^h{h,v) nh, let {Hr, {■, ■)Hry\\'\\Hr'^y r G M, be a family of interpolation spaces 
associated to —A, let (H^, (•, •)Hr, IMIh ), ?" G M, be the family of M-Hilbert spaces such that for 
all r G M it holds that (H^, ■)h,, |MIhJ = {Hr /2 x Hr/ 2 - 1 / 2 , (-, •)h./ 2 x% 2 _i/ 2 , 

let A: 77(A) Cl Hq —y Hq be the linear operator such that 77(A.) — Hi and such that for all 
{v,w) G Hi it holds that A{v,w) = {w,Av). 
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2.3 Basic properties of the deterministic wave equation 

2.3.1 Basic properties of interpolation spaces associated to the deterministic wave 
equation 


Lemma 2.4. Assume the setting in Section 2.2 and let A; -D(A) C Ho^ Hq be the linear operator 
such that -D(A) = Hi and such that for all {v,w) G Hi it holds that 




( 2 . 19 ) 


Then the M.-Hilbert spaces (H^, (•, ■)Hr; IMIh ^ ore a family of interpolation spaces associated 

to A. 


Proof of Lemma \2.4 . Observe that A; 11(A) C Hq —> Hq is a symmetric diagonal linear operator 
with inf((Tp(A)) > 0 and that for all r G [0, cxd) it holds that 


Z1(A'’) = <^ X G Hq: ^|Afen((h,0),x)Hol^ + l'^/irl((0, \Xh\^^''h) , < oo 

^ /leH 

(r,M;) G Hq: '^\Xhf\{h,v)Hof + \Xhf\{\Xh\^^^h,w)^^^ 


< oo 


/iSH 


( 2 . 20 ) 


= |n G Ho: '^\Xhf\{h,v)Hof < ooj x jtr G il-1/2; ^\{h,w)Hof < oo 

^ /iSH ^ /iSH 

= Hr/o X Hr/2—1/2 ~ Hj.. 

Moreover, for all r G [0, cxd), Xi = (xi, Wi),X2 = (^2,^2) ^ it holds that 

(A''xi, A^X2 )ho = {h,vi)Hph, y^\Xh[^''{h,V2 )HqI^ 

\eH hm ' ^0 


'heH heH 

= {(-Ap'vu (-Ay/%2)H, + (-A)’I‘w2)„_ 

= {Vi,V2}h,„ + = (Ii,I2)h,. 


- 1/2 


( 2 . 21 ) 


1/2 


In addition, for all r G (—00, 0 ], x = (n, w) G Hq it holds that 


lA^xll" = 

I 11 Ho 


'^\Xh\'~^\h,v)Hoh 


hem 


Ho 


/iSH 


H 




1 - 1/2 






>'/2-l/2 


= Uc 


- 1/2 


m- 


( 2 . 22 ) 


This completes the proof of Lemma |2.4[ 


□ 


2.3.2 Basic properties of the deterministic linear wave equation 

The next elementary and well-known lemma can be found in a slightly different form, e.g., in 
Section 5.3 in Lindgren [32]. 


Lemma 2.5. Assume the setting in Section 2.2 and let S: [0, 00 ) —)■ T(Ho) be the mapping such 
that for all t G [0, cx)), {v, w) G Hq it holds that 


, s /cos((—A)^/^t)r-1 -(—A) sin((—A)^/^t)w 
“ (,-(-A)V2sin((-A)V2t)y + cos((-A)V2t)ui 


(2.23) 


Then S; [0, 00 ) —)■ T(Ho) is a strongly continuous semigroup of bounded linear operators on Hq 
and A; D{A) C Hq —?• Hq is the generator of S. 
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Lemma 2.6. Assume the setting in Section 2.2. Then for all t G [ 0 ,oo), x G Hq it holds that 




^IIho = II^IIho «^«^SUp,g[o,oo)i|e^1li,(Ho) = 1- 


Proof of Lemma 2.6. Lemma 2.5 implies for all t G [0, cxd), x = {v,w) G Hi that 

_ l|cos((-2l)'/^t)r; + sin((-/l)'/^t)M;| 


e X „ = 

I 11 Ho 


|2 
I Ho 


+ || —(—sin((—+ cos[{—Ay^'^t)w\ 


H 


|cos((— 


Ho 


+ 


-^4) sin((— 


- 1/2 

|2 

I Ho 


+ 2 (cos sin ((-24)'/"t)w;)Ho 

- 2{sin((-24)'/"t)n, {-Af^^ cos{{-AYH)w)H_y^ 
= ||cos((-24)V2t)n||^ + ||sin((-24)V"t) 


(2.24) 


I Ho 


+ ||sin((—+ ||cos((— 


II II ^ I II II ^ 

= ikll^o +11^ 


H 


- 1/2 


- 1/2 
= lla^l 


w\ 


H 


- 1/2 


Ho 


This completes the proof of Lemma 2.6 


□ 


Lemma 2.7. Assume the setting in Section 2.2, let Pj-. —)■ I ^ be the 

mappings such that for all I G 'P(IHI), r G M, n G holds that Piiy) = 'y2fi^j{\^h\~^h, v)Hr\^h\~^h, 
and let P/: —)■ [Jj,g]jjHr, / G P(IHI), be the mappings such that for all I G P(IHI), r G M, 

{v,w) G Hr it holds that Pi{v,w) = (P/(n), P/(w)). Then for all I G V{M), x G Hi it holds that 
AP/(x) = P/A(x) and for all I G P(IHI), t G [0, cxd), x G Hq it holds that e^*P/(x) = P/e^^(x). 


Proof of Lemma 12.11 For all I G P(EI), x = {v,w) G Hi it holds that 

P 7 A(x) = Pi{w,Av) = {Pi{w),PiAv) = {Pi{w),APi{v)) = APj{x). 
In addition, Lemma [23 shows for all / G P(IHI), t G [0, cx)), x = {v,w) G Hq that 


(2.25) 


pAfp / X _ f cos{{-AY/H)Pi{v) + i-A) sm{{-Ay/H)Pj{w) 
(—A)^/^ sin((—A)^/^f)P/(n) + cos((—A)^/^f)P/(ta) 


_ /P/(cos((—+ (—A) sm[{—Ay^‘^t)w) 

yPf(—(—A)^/^ sin((—A)^/^f)n + cos {{-Ay/H)w) 

= Pie^Ax). 


(2.26) 


The proof of Lemma 2.7 is thus completed 


□ 


3 Upper bounds for weak errors 

3.1 Setting 


Assume the setting in Section 1.2, let (P, (•, •)//, IHli:^) be a separable M-Hilbert space, let El C 


H be an orthonormal basis of P, let A: El —)■ M be a mapping such that sup^jgjjA/j < 0, let 
A: P(A) C P —)■ P be the linear operator such that P(A) = |n G P; 'y2h^^\^h{h,v)Hf < oo} 
and such that for all v G P(A) it holds that An = 'y2hem^h{h,v)Hh, let (P^, H'llji^^), 

r G M, be a family of interpolation spaces associated to —A, let (H^, {•, •)Hr) IMiHr)’ ^ be 
the family of M-Hilbert spaces such that for all r G M it holds that (H^, (■, ■)Hr 5 IMIh ) ~ (-^72 x 


Ffy 2 — 1/2; ( 7 )Hr/2^Hri2_l/2 ’ 


I Hrf2 X ^rl2—ll2 


), let Pi : IJreM UreM Hr, I e V(E.), he the mappings 
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such that for all I G 'P(IHI), r G M, u G h holds that Pi{v) = 

let P/: / G P(IHI), be the mappings such that for all / G P(IHI), r G M, 

{v,w) G Hr it holds that P/(u,tc) = (P/(u), P/(tn)), let A; D{A) C Hq —)■ Hq be the linear 
operator such that P(A) = Hi and such that for all {v,w) G Hi it holds that A{v,w) = {w,Av), 
let A; D{A) C Hq —)■ Hq be the linear operator such that D{A) = Hi and such that for all 
(u,^) G Hi it holds that A(u,'«;) = 

and let 7 G ( 0 ,cx)), (3 G (V 2 , 7 ], P e [0,2(7-/?)], Cf,Cb G [0,cx)), ^ G L 2 (P| H2(t,_/3)), 

F G Lip°(Ho,Ho), B G Lip°(Ho, L2(P, Hq)) satisfy that A"^ G L2(Ho), F|h, G Lip°(Hp, H2(^_^)), 
BIh, G Lip°(H„L2(P,H,) n L(P,H,)), F|n^^„Hr e C^{f]rm^r,lio), B|n^^,Hr e 
L2{U,Ho)),Cf = sup^enr«HrSup„,,„26nr6*Hr,|bi|lHoV||^2||Ho<i II^"(^)(^1’'^2 )|Iho < 00 , andC'B = 

SUP3;6nr6HHr ,-!;2SOreKHr , |hl || Hq ^11^2 || Hq 11 ^ ^ ’ '^2) 11 Lj ([/^Hq) ^ 


3.2 Weak convergence rates for the Galerkin approximation 

Remark 3.1. Assume the setting in Section [sT The assumptions that F|h, G Lip°(H„H 2 (.i_^)) 
and B|hp G Lip°(Hp, L 2 (P, Hp) fl L{U , H.^)) then ensure that F|hp G Lip°(Hp,Hp) and B|hp G 


Lip^(Hp, L 2 (P, Hp)) and Theorem 2.1 hence shows that there exist up to modihcations unique 
(Pt)tg[o,r]-predictable stochastic processes : [0,T] x fl —)■ P/(Hp), / G P(EI), satisfying for all 
I G P(EI), t G [0,T] that supgg[o,r]ll-^illL 2 (p.Hp) < oo and P-a.s. that 


Xl = e^^Pi^+ f e^O-*)ppF(xf)ds+ f e^O-^)p^B(Af) dlF,. 

Jo Jo 


(3.1) 


The following lemma provides global L^-bounds on the stochastic processes X^: [0,T] x 11 —)■ 


P/(Hp), I G P(IHI), in Remark 3.1 


Lemma 3.2. Assume the setting in Section 3.1 and let X^: [0,T] x H —)■ P/(Hp), / G P(IHI), 
be {Xt)te[o,T]-pi"^dictable stochastic processes such that for all I G V{M.), t G [0,T] it holds that 
sup.e[o,T]ll-^filL 2 (p.H^) < oo and P-a.s. that 


Then 


X/ = e^*P/e+ [ e^0-^)P/F(Xf)ds+ [ e^0-*)p^B(Af) dlF,. 
Jo Jo 


sup sup (1 V ||A/||^ p. ) < (1 V ||ellL 2 (p.H^)) 


(3.2) 


exp T 




p|lLipO(Hp,I,2(f/,Hp)) 


(3.3) 


< oo. 


Proof of Lemma \3. 4 Corollary 1 in Da Prato et ah 12 , Lemma 2.6, and the Cauchy-Schwarz 
inequality ensure for all I G 'P(IHI), t G [0,T] that 


ElllV'Ilh] =E[||e^‘P,J||^J+2 / E[(e^l‘-*lA'/,e^<-)p,F(.7))„Jd. 


+ / E[||e^<‘-'P,B(.Yj)|j 7 „„^,] ds 

V 0 

<E[||P,f|iy +2 r(l|P/F(0)llH.E[|PiLJ + |P,F|„J,,^.,E07i||^J ,3 4) 


£(||P/B(0)||=^,^,„^, + 2||P,B(0)|| 

L2(U,Up 


P.B 


H 


plLip°(Hp,L 2 (C,Hp)) 


e[|P1|IhJ 


P;B 


/JO H 


plLip°(Hp,L 2 (//,Hp)) 


E[liA'i||L])d*> 


<E[l|P/?llkJ+ 2 ||P/F|h 


LllLipO(Hp,Hp) 


+ P/B 


/JO|H 


p|lLipO(Hp,L2(f/,Hp)) 


Ip 



hJ ds- 
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Gronwall’s lemma hence implies for all I G 7^(1111) that 


exp T 


|P/F|Hpl|LipO(H^^Hp) + 


Hp|lLipO{Hp,L2([/,Hp)) 


< 


(l V ||'C||i 2 (p.Hp)) 


(3.5) 


exp T 




II -I- - 1 "R I IP 

hllLipO(Hp,Hp) 2ll^lHp||LipO(Hp,L2((7,Hp)) 


□ 


The proof of Lemma 3.2 is thus completed. 

Lemma 3.3. Assume the setting in Section 3.1 and let : [0,T] x hi —)■ P/(Ho), / G 'P(IHI), 
be {lFt)t&[o,T]-pf'^dictable stochastic processes such that for all I G 'P(IHI), t G [0,T] it holds that 
suPse[o,T]ll^sllL 2 (p.Ho) < oo andP-a.s. that 


X/ = e^*P/e+ [ e^('-")P/F(Xf)ds+ [ dlT,. 

Jo Jo 

Then it holds for all I, J G P(]HI) that 

sup IIX/ - -^/||^ 2 (p.Ho) ^ '^^l['^^|P^njF|LipO(Ho,Ho) + ^''^|P^n./B|LipO(Ho,L 2 (; 7 ,Ho))] 


(3.6) 


te[o,T] 


sup |lP/\jX/ + Pj\jX/|| 2.p.H„) < oo- 

te[o,r] ^ 


(3.7) 


Proof of Lemma 3 . 4 Observe that Corollary 3.1 in Jentzen & Kurniawan and Lemma 2.6 
imply for all /, J G P(]HI) that 

sup ||X^ ~ |Il 2 (p.Hq) — ["^F|P/njF|LipO(fjjj_fj|^) + V^^lP/njBl LipO(Ho,L 2 (t/,Ho))] 

cG[U,J J 

X/ - [ re^(*-^)p,njF(Xf)ds+ T e^(*-'*)p,njB(Xf) dlT, 

L7o Jo 

)PznjF(X/) ds + f e^(‘-*)p,n,/B(X/) dhh, 

Jo 


■ sup 

i6[0,T] 


+ 




X; 


V 2 S 1 [a/ 2T|P/n,/F|LipO(jjo,Ho) + V^|P/n,/B 


L2(P;Ho) 


■ sup 

i6[0,T] 


Lip“(Ho,L 2 (t/,Ho)) 
•t 


X/ - Pj ^ e^('-")P/F(Xf) ds + ^ e^d-*)p^B(Xf) dhL,^ 

+ P/(^e^d-^)p ^ e^d-^)p jF(X/) ds + ^ e^d-^)PjB(X/) dlF,^ - X^ 

\/2Si [v^F|P/njF|LipO(Ho,HQ) + ^/^|P/njB|LipO 


(3.8) 


L2(P;Ho) 


LipO(Ho,L2(f/,Ho))J 


sup ||P/\jX^ Pj\/X^ IIl 2 (p.Hq)‘ 
te[o,T] ^ 


This implies (3.7) and thus completes the proof of Lemma 3.3 


□ 


Remark 3.4. Assume the setting in Section 3.1 Then Remark 2.2 shows that there exist up 
to modifications unique (Xt)f 6 [o,T]-predictable stochastic processes ■. [ 0 ,T] x O —)■ Pj(Ho), 
X G Pj(Ho), J G P(IHI), satisfying that for all J G P(IHI), x G Pj(Ho), t G [0,T] it holds that 
suPse[o,T]l| 77 /’"^||i 2 (p.Ho) < 00 and P-a.s. that 


X/’^ = e^*a:+ [ e^d-*)p^F(X/’*) ds + f e^d-*)PjB(X/’^) dlF,. 

Jo Jo 


(3,9) 
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Lemma 3.5. Assume the setting in Section 3.1, let [0,T] x —)■ Pj(Ho), x G P./(Ho), 

J G 'Po(EI), he {Xt)telo,T]-predictable stochastic processes such that for all J G Po(EI), x G Pj(Ho), 
t G [0,T] it holds that sup^g[g 7 .]||X/’®||^ 2 (p.p^(Ho)) < oo and P-a.s. that 


X/’" = + 




[ e^(*-*)PjF(X/’^) ds + [ e^('-")PjB(X/’^) 

Jo Jo 


dw„ 


(3.10) 


let if G and let \ [0,T] x Pj(Ho) —)■ M, J G Po(EI); he the mappings which satisfy 

for all J G Po(EI); ( 1 ,^) ^ [ 0 ,F] x Pj(Ho) that u'^{t,x) = . Then for all J G Po(EI) ^ 

holds that G (^^’^([OjT] x Pj(Ho),M) and 


sup sup |u (t,-)lci(p^(Ho),: 

xePo(H)te[o,T] 


< me, 


,(Ho,K) ®^P(^0^lLipO(Ho,Ho) + 2 I® lLipO(Ho,L 2 (C/,Ho))] ) < 


sup sup \u •)Ic^(P^(Ho),K) — ll^llc^(Ho,K) [^(^F + ^C'b)] 

A'ePo(H) ie[0,T] hy y > / bi 

■exp(T[| + 3|F|LipO(Ho,Ho) + 4 |B|LipO(Ho,L 2 (C/,Ho))]) < °°- 


/2 


(3.11) 


(3.12) 


Proof of Lemma [X5l The assumptions that e C^dHreR ^^o) and e C^d^reR 

Hr, T 2 (? 7 , Hq)) and the fact that for all J G Po(EI) if holds that Pj(Ho) is a hnite-dimensional 
M-vector space ensure that PjF|pj(Ho) e C^(Pj(Ho),Pj(Ho)) and PjB|pj(Ho) e C^(Pj(Ho), 
L 2 (f/, Pj(Ho))). Lemma 2.3 and Lemma 2.6 then prove for all J G Po(EI) that 


sup \u (f, •)lci(Pj(Ho),R) — I^Ipj(Ho) 


ie[0,T] 


ci(Pj(Ho),: 


■ exp(T[|PjF|p,(H„}|ri(Pj(Ho),Pj(H,))) 2I*^'1 ®Ii’.'(H.))|c1(Pj(H„),L2([/,Pj(Ho)))]) 


(3.13) 


and that 


■)Ic'2(Pj(Ho),R) - lklP./(Ho)llc2(p^(Ho),If 


1 V 


1 1/2 


T(|PjF|p_^(Ho)1c.2(p^^(Ho),Pj(Ho)) + ^l^'^®|P.dHo)lc'2(Pj(Ho),L2(r/,Pj(Ho))))_ 

■exp(T[2 + 31 PjF|pj(Ho)|c-i(p_^(H(,),Pj(Hq)) + Ic1(Pj{Ho),L2([/,Pj(Ho)))]) < °°- 

(3.14) 

□ 


This implies (3.11) and (3.12) and thus completes the proof of Lemma 3.5 


In the proof of the main result of this article, Theorem 3T below, we use the following elemen¬ 
tary and well-known lemma. 

Lemma 3.6. Let p G [0,cx)), let n G Ng, he sets such that = JTq and such that for 

a// n G N it holds that ^ <Jn+i, o.nd let g'- Jo ^ ( 0 ) oo) he a mapping with the property that 
T^heJo^dhY < oo. Then 

lim sup{{gh-. h e Jo\ Jn} U {0}) = 0. (3.15) 


Proof of Lemma 3.6 . Without loss of generality we assume that p G (0,cx)) (otherwise (3.15) is 
clear). Then observe that for all n G N it holds that 

X] {9hY + [sup({^fe: heJo\Jn}A {0})]^ < ^ {ghf + < oo. (3.16) 

h^JJn h^JjQ\YYn 

Moreover, note that Lebesgue’s theorem of dominated convergence proves that 


lim {ghY = Y 


(3.17) 




/leJo 


Letting n —>■ cx) in (3.16) and combining this with (3.17) complete the proof of Lemma 3.6 □ 
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Theorem 3.7. Assume the setting in Section 3.1, let : [0,T] x —>■ P/(Hp), I E ViM), and 

[0,T] Pj(Ho), a: G Pj(Ho), J E VoiM), he {Xt)t£[o,T]-predictable stochastic processes 

such that for all I E 'P(IHI), J E 'Po(EI); x E Pj(Ho), t E [0,T] it holds sup^gjgj.] (||Xf ||^ 2 (p.Hp) + 

II^/’*IIl 2 (pHo)) ^ andF-a.s. that 

Xl = e^^Pj^+ [ e^(*-")PjF(Xf)ds+ [ e^(*-")P7B(Xf) dlT,, (3.18) 

Jo Jo 

X/’^ = e^*a:+ f e^(*-*)PjF(X/’*) ds + [ e^(*-*)PjB(X/’^) dlF„ (3.19) 

Jo Jo 

let ip E Cg(Ho,M), and let ■. [0,T] x Pj(Ho) —)■ M, J G Vo{M.), be the mappings which satisfy 
for all J E Po(EI); (t^x) E [0,T] x Pj(Ho) that u'^{t,x) = E[(p(x/’*)]. Then it holds for all 
I E V{M) \ {H} that 

|E[4,(Jf?)]-Ep(A'P]| 

- ( l‘;/^lLipO(Ho,K)ll'^llLi(P;H 2 (T_^)) ®^P(^ 0 ^lLipO(Ho,Ho) + ll® 


]) 


+ 


sup sup |M-^(t,-)|c;l(p^(Hn) 

iKeVo(M)tAO,T] 


l|A-^ir 


i2(Ho) 


Lip“(Ho,L 2 (C/,Ho)) 


sup / E[||F(A'f)|| ]ds 

K&PoOBi) Jo 

■T 


(3.20) 


sup sup \u (^, 
.Ke'Po(H)te[o,r] 


H 


sup f E[||B(Af)f ]ds) 

K&PoOBl)Jo \ ’ -tJ J 


inf \Xh\ 
h&H\I 


h-1 


< OO. 


Proof of Theorem 3.1. Throughout this proof let [0,T] x Pj(Ho) —?• M, J G Po(EI)) and 

Uq^: [0,T] X Pj(Ho) —)■ L*^^^(Pj(Ho), M), i E {1,2}, J E Po(EI), be the mappings such that for 
ali J E Po(EI), {k,t) E {(1,0), (0,1), (0,2)}, (f, x) G [0,T] x Pj(Ho) it holds that v^{t,x) = 
E[(p(Xp){J] and that vf^^it^x) = (t,x). Note that for all J E Po(EI), {tiX) E [0,T] x 

Pj(Ho) it holds that v^(t,x) = w’{T — t,x). Next observe for all J G Po(EI), x E Pj(Ho) that 

p{x) = E[ 93 (x)] = u‘^(0,x) = v‘^{T,x). (3-21) 

Moreover, note for all J E Vo{M.) that 

E[p{X^)]=E[u^{T,X^)] =E[u‘'(0,X/()]. (3.22) 

Combining ( 3.21[ ) and ( |3.22[ ) shows for all J E Po(EI), I that 

\E[p{X;^)] -E[p{X^)]\ = \E[p{X^)] -E[^(X^)]| 

= \Ey{T,X^)] -E[u^(0,X/()]| (3.23) 

< |E[u‘'(T,X|)] -E[u"(0,Xo^)]| + |E[u‘'(0,Xo^)] -E[u^(0,Xo^ 


In a hrst step we establish an estimate for the second summand on the right hand side of (3.23). 
For this observe that Corollary 1 in Da Prato et al. (^, the Cauchy-Schwarz inequality, and 
Lemma 2.6 ensure for all J E Po(EI), x,y E Pj(Ho), t E [0,T] that 

ElllAf' - A/-»||^J = E[||e^‘(Ay - ||^J 


+ 2 E[(e'^<‘-*>(Ay - A/-»),e'^<‘-‘>(PsF(Ay) - PjF(Ay))>jjJ ds 

V 0 

+ fE[\\e^<‘->(PMXp) - PsB(A,-'U)HL™,, 1 df 

•y 0 

< 11^ - !/llh + [2 |PjF|„^.,h.,h., + |P./B|Lp.,„.„p,|p.„„„] j‘E[\\Xp - .Y/.»||^J ds. 


(3.24) 
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Gronwall’s lemma and Lemma 3.3 hence show for all J E Vo (H), x,y E Pj(Ho) that 

’^IL 2 (P;Ho) - ll^“2/llHo®^P(^0P-^^lLipO(Ho,Ho) + ||P^B|LipO(Ho,L 2 (f/,Ho))])- (3-25) 

This implies for all J E Po(EI); x,y E Pj(Ho) that 
|n‘'(0,a;)-n"(0,2/)l = \E[ip{X^’^)] 

^ l‘PlLipO(Ho,R)ll"^T ~ ^r^lLi(P;Ho) (3.26) 

^ l‘dlLipO(Ho,K)ll^ “ ^IIho ®^P(^0^>^^lLipO(Ho,Ho) + 2 1^'^® lLipO(Ho,L2(t/,Ho))] )' 

Furthermore, it holds for all x E H 2 (.y_/ 3 ), I, J E V{M.) with I ^ J that 

||P,(I) - P,,(x)||„„ < ||A^I'’-«P,Aj|li,H.,|l|P/AX2^) 


IH 


2 ( 7 -/ 3 ) 


- 

( 3-7 

- 

inf \Xh\ 
helAJ 

||P/Aj(a:)||H 2 (.^_^) - 

inf \Xh\ 
h&IAJ 


/ 3-7 


(3.27) 


\x\ 


H 


2 ( 7 -/ 3 ) 


(cf., e.g., Proposition 8.1.4 in p^). Putting (3.26) and (3.27) together proves for all J E Vo 
I E V{J) \ {H} that 


|E[«''(0,.Y')] -EK(0,.Y„")]| < kl„p.,„,.,|||P,(A'„") -P4A'„")L.„^„., 

• exp(r[|P,/F|LipO(Ho,Ho) + 7|P^®lLipO(Ho,L2(t/,Ho))]) 

^ l7^lLip°(Ho,K)ll'^llLi(P;H2(2,_,9)) ®^P(^0^lLipO(Ho,Ho) + 2 I® lLipO(Ho,L2(C/,Ho))] ) 

1 /3-7 

inf I A/ll < oo. 

hm\i 


(3.28) 


Inequality (3.28) provides an estimate for the second summand on the right hand side of (3.23). 
In a second step we establish an estimate for the fist summand on the right hand side of (3.23). 
The chain rule and Lemma [2.3| show that for all J E Po(EI)) E [0,T] x Pj(Ho) it holds that 

= -n^i(f,x)[Ax +PjF(x)] - x){P jB{x)u,P jB{x)u). (3.29) 

«eu 


The standard ltd formula and (3.29) prove for all J E Po(EI), I ^ P('^) fhat 

Ett-yr.A'P] -E[t«-'(0,.Y„')] = / E[t«j',„(s,.Y.')]ds+ / E[t«^i(s,.Y.')A.Y.'] ds 

Jo Jo 

+ [ E[<,(s,Ai)P,F(.Y,')]ds+l5^ [ EKj(s,Ai)(P,B(.Y>,P,B(.Y»]ds 

ueu 

= / E[<i(s,Ai)P,F(Ai)]ds- / E[t«„"qs,.Y.')PiF(.Yi)]ds 


(3.30) 


E 

jisu 



-ohs. Ai) (P/B(A',')u, P,B(A',')u)] 

- E[<2(s, A') (PjB(A,')«,P.,B(A.')«)]) ds. 


This shows for all J E Po(EI); I ^ '^{J) ^hat 


„yr,.Y')] -E[«yo,A')]| < / |E[<, 

1 
2 


(i!,.Y,')(P,F(Ai)-PiF(.Y,'))]|di, 


E / E[<2(s, A.')(P,B(A,')« + P.,B(A.')«,PiB(A.')u - P,,B(A/)u)] ds 

«eu 


(3.31) 
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Inequality (3.27), Lemma 3.5, and Lemma 3.2 thus prove for all J G 7 ^ 0 ( 11)5 I that 

j(s, Xi) {P,F{X'. ) - P,jF(Xi))] I ds 
E[|<i(i,,.Y.') (P,F(.Y;) - PjF(A'i))|] ds 


< 


'0 


< dcJlP,®,)..) I E[||P,F(A',') - PjF(.Y/)||„J d. 

rT 


(3.32) 


< 


sup sup •)! 1 

Lii'ePoCH) te[o,T] ^ 

P-i 

inf |A/i| < 00 . 

heJ\/ 


(P/f{Ho), 


.up_ / E[|lF(.Yf)||„^^^_Jd. 


i^ePo(H) Jo 


This estimates the hrst summand on the right hand side of (3.31). Next we consider the second 
summand on the right hand side of (3.31). Observe for all J G 'Po(EI), s G [0,T], I G V{J), 
a; G O that Vq 2 {s, G L(^)(Pj(Ho), M). We dehne random variables Rij^s- O —)■ L(Pj(Ho)), 

I G V{J), J G 'Po(EI); s G [0,T], such that for all s G [0,T], J G Po(EI); I ^ G O it holds 

that 

R,J,M = (3.33) 

Then note that for all s G [0,T], J G 'Po(EI)) 2 /i)l /2 £ Pj(Ho), I G V{J) it holds that Uq 2 ( 5 , X/) (|/i, 
2 / 2 ) = ( 2 / 1 , Ri,j,sy 2 )iio- Therefore, the Holder inequality for Schatten norms implies for all s G [0, T], 
J G Po(H), / G V{J) that 

5 ^ E[<,(s, A,') ((P, + P,)B(Al)«, (P, - P,,)B(AJ)«)] 


mSU 


E 


5^{(P, + P,,)B(Ai)«, - P,,)B(Af 


'-USU 


= |E[tracei,(B(A/)*(P, + Pj)‘flu,,(P, - P,,)B(A/))] | 
< E[||B(AJ)*(P, + P,,)*iJ,,j,.(P, - P,,)B(AJ)||,^_|„,] 


(3.34) 


< E 


|lB(Xf)*(P, + P 




P,-P,)B(Xf)l| 


'^(2/3)/(2,S-7)(^Ho)_ 


Moreover, observe for all s G [0,T], J G Po(EI), / G V{J) \ {J} that 


||B(Xf)*(P, + P^ 
< llB(Xj)*A^| 


L(2^)/^(Ho,(7) 


= ||B(Xi)*A^A-^(P, + P„ 


L(2^)/^(Ho,(7) 


L(Ho,C/) 


I|a-IL,,^^^(ho)II(P/ + p.)1 


L{Ho) 


(3.35) 


= I|b(a;)|L(^,h7)IIa-"IIZVo)IIp^ + p^II.(ho) <2|^^ 


-/3|| V/3 


li 2 (Ho) 


< 00 


and 


P;-Pj)B(Xf)|L 

<||(p,-p,)a2(^-^)||^(ho)IIa^^"-''^II 


<I|P/-Pj|ln 


(2/3)/(2;3-7) (W ,Hq) 11 P (A J 11 L{U,li.,) 


-^{2/3)/(2/3-7)(W>Ho) 


|B(A,')1| 




inf |A,j| 
hej\i 


/3-7 


(3.36) 


-/3||(2/3-7)//3| 

L2(H.o) I 


l|A-'’|| 


B(A'i)|| 




In addition. Lemma 3.5 implies for all s G [0,T], J G Po(EI), I G 'P{J) that 


(3.37) 


16 






















Inequalities (3.34)-(3.37), Lemma 3.2 
that 


and Lemma 3.5 prove for all J G Po(EI); I ^ ^('^) \ 


rE[<2(s,Xf)(P,B(Xf)n + PjB(XfKP,B(Xf)n-P,B(Xf)n)] ds 

«eu 


^ IL'- IIl 2 (Ho) 


sup sup sup / E[||B(Xf)||'(^jj^Jds (3.38) 


inf I Ah I 
hej\i 


iK&VoiB) ie[0,T] 
n /3-7 

< oo. 


K&VoOa) Jo 


Combining this with ( |3.31[ ) and (3.32) ensures for all J G Vo{M), I G V{J) \ {H} that 
|E[n‘'(T,X|)] -E[n‘'( 0 ,Xo^)]l 


< 


sup sup •)Li 

.K&Vo{n)t&[0,T] 


(PK(Ho),If 




sup 

/ E[|l 

i^ePo(H). 

/o 


12{7-/3)J 


r 1 7 ^ 

I|A”^IIL(Ho) sup ^ sup sup / E[||B(Xf)||^ ]ds 

LiCePo(H) 4 e[o,T] ^JifePo(H)Jo ' 


(3.39) 


1 0-1 


inf I Ah I 
hm\i 


< oo. 


This constitutes an estimate for the first summand on the right hand side of (3.23). Inequalities 
( 3.39[ ), ( |3.23 ), and ( |3.28D show for all J G Po(EI), / G V{J) \ {H} that 

|E[v>(XP] -E[v>(X')] 


< 


l‘PlLipO(Ho,IR)ll^llii(P;H2(T,_h)) ®^P(^ 0^lLipO(Ho,Ho) + 2 I® lLipO(Ho,L2(!7,Ho))] ) 

sup sup |M^(f, •)Li.„ sup / En|F(Xf)|| Ids 

iKeVoimtmT]' i^ePo(H) Jo ^ 'IIH2(^_«J 


(3.40) 


1 ^ ^IIl 2 (Ho) 


sup sup In (t,-)lc2(p^(Ho),i 
LA'ePo(H) 4 e[o,T] ^ ^ 


sup / 

A'ePo(H) Jo 


E[l|B(Vf)|l7„.„,,] ds 


inf I A/, I 

hm\i 


0-1 


< oo. 


In a third step Lemma 3.3, Lemma 2.6 Minkowski’s integral inequality, the Burkholder-Davis- 
Gundy inequality (see, e.g.. Lemma 7.7 in Da Prato & Zabczyk [^), and the Cauchy-Schwarz 
inequality imply for all Jo G V{M.) and £ 7^0(11), n E N, which satisfy IJneN= >70 and 
'in eN: Jn ^ Jn+i and all n G N that 


sup ||x/° - X/" 
ie[o,T] 


Il 2 (P;Ho) 


< 


■\/2Tl [A/2T|Pj^F|LipO(Ho,Ho) + Jn^\ LipO(Ho,L 2 (A,Ho))] JUP^llP‘^oVuP^/°||i2(p.Ho) 


< V 2 Ti[y 2 T|F 


Lip“(Ho,Ho) 


+ A/^|B|Li „0 


LipO(Ho,L 2 (f/,Ho)) 


( l|Pjo\Jn^llL 2 (p.Ho) + 


T 


UO 




.B(Ay)|| 


1/2 


IL2(P;Ho) 


ds 


1/2 


(3.41) 


L2(P;L2(!7,Ho)) 


ds 
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Therefore, Lebesgue’s theorem of dominated convergence proves for all Jq G P(]HI) and G Vq 
n eN, which satisfy IJneN ~ Vn G N : Jn C J^-^i that 


lim sup ||X/° - X, 

te[o,T] 


i IIl2(P;Ho) 


= 0 . 


(3.42) 


In a next step, (3.40) shows for all I G 'Po(EI) \ {H} and G Po(EI)) G N, which satisfy 
UneN Jn = ^, I ^ Ji, and Vn G N: Jn ^ <41+1, and all n G N that 

|Ey(Vj!)] -E[^(V')]| < |E[^(VP] -EP(Vi!")]| + |E[^(V^»)] -Ey(Vp]| 


^ I'/^lLipOCHcHo) 


V'ini 'xro 

\j\'-p -/V-T- 


T lln2(P;Ho) 

l‘^lLipO(Ho,M)ll^llLi(P;H2{.,-«) ®^P(^0^lLipO(Ho,Ho) + I l^lLipO(Ho,L2(f/,Ho))] ) 


sup sup OUup m 

LKePo(H)ie[o,T]' ^lcjPx{Ho),i 


sup / 
KePoW Jo 


e[| 1 f(x 


f) 


IH 


2 ( 7 -/ 3 ) 


] ds 


(3.43) 


l|A ^IIL(Ho)[ sup sup |u'^(f,-)|^ 3 (p^(H„),M)l sup [ E[l|B(Xf)||^ jds] 

Lii'ePo HUe 0,T K&PoWJo ^ - 7 ; y 


inf \Xh\ 
hm\i 


0-1 


Letting n —)■ cxd in (3.43) and (3.42) complete the proof of Theorem 3.7 in the case that / G 
4 * 0 ( 11 ) \ {El}- In a last step we prove the remaining cases. The estimate (3.43) ensures for all 
Jo G V{M) \ {H} and In G 'Po(-fo), n G N, which satisfy UneN-^»* ^ ^0 and Vn G N: C In+i and 

all n G N that 

|Ey(A'?)] -E[v(.Y'»)]| < |EP(A'”)] -Ey(A'")]| + |EP(A'»)] -EP(.Y^")]| 


< 


141 Lip°(Ho ,R) 11 11 Li (P;H 2 (.^_, 3 ) ) (^0^1 Lip° 


sup sup |M'^(f, •)! 1 

_KePoiB)te[o,T] b 


(Px(Ho),If 


I L IR 

(Ho,Ho) 2l^lLipO(Ho,L2(!7, 

rT 

K\\\ 


sup / 

J iCePo(H)Jo 


+ l|A-"ll? 


n 2 (Ho) 

1 0-1 




E[||F(.Yi 


sup / 
J KePo(H)io 


IH 


2 ( 7 -/ 3 ) 


■,Ho))]) 

] ds 


(3.44) 


E[||B(A'f) 


ii'Y ||2 


] ds 


inf |A/j| 
hm\i 


+ l4lLipO(Ho,Ho)ll"^T "^t'1Il2(p. 


Ho)‘ 


Equation (3.42) and Lemma 3.6 thus complete the proof of Theorem 3.7 


□ 


The next corollary is a direct consequence of Theorem 3.7| and Lemma 3.2[ 


Corollary 3.8. Assume the setting in Section 3.1, let : [0,T] x hi —)■ P/(Hp), / G 4’(IHI), and 
[0,T] X n —)■ Pj(Ho), X G Pj(Ho), J G Po(EI), be {Xt)te[o,T]-predictable stochastic processes 
such that for all I G P(IHI), J G Po(EI), x G Pj(Ho), t G [0,T] it holds sup^gjg.T] (ll^s IIl 2 (p.Hp) + 
||X/’®||j;^ 2 (p.Ho)) ^ andP-a.s. that 


X/ = e^*P/e+ [ e^(*-")P/F(Xf)ds+ [ iB{X^J dW^, 

Jo Jo 

+ f e^(*-")PjF(X/’^) ds + [ e^('-")PjB(X/’^) dlF„ 

Jo Jo 




(3.45) 

(3.46) 
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let if G and let : [0,T] x Pj(Ho) —)■ M, J G 'Po(EI); be the mappings which satisfy 

for all J G Po(EI), {t,x) G [0,T] x Pj(Ho) that u'^{t,x) = E . Then it holds for all 

I G V{M) \ {H} that 


|E[v(.Y?)] -E[v)(A'')] 

< 


IV^lLipO(Ho,K)ll'^llLi(P;H .„-„,)“p(r[|F| 

Lip*^(Ho,Ho) ' 2 

T 


+ o|B|LipO(Ho,L 2 (C/,Ho))]) 


max sup sup M (^^') rup 
Lie{i,2}i^6Po(H)te[o,r]' ^ ic,(Px(Ho).i 


sup sup (1 VE[||Xf IIjj ]) 

iCePo(H)te[o,r] ^ 


(3.47) 


I II _l||A-/ 3||2 1 

|Hp||LipO{Hp,H2(.^_^)) + 11^'- lli2(Ho)l 


B 


H 


p|lLipO{Hp,L(i7,H^)) 


inf I Ah I 
hm\i 


4-7 


< CX). 


The last result in this section, Corollary 3.9 below, follows immediately from Corollary 


Lemma 3.5, and Lemma 3.2 


Corollary 3.9. Assume the setting in Section 3.1 and let : [0,T] x hi —)• P 7 (Hp), / G P(IHI), 
be {lFt)t&[o,T]-pf'^dictable stochastic processes such that for all I G 'P(IHI), t G [0,T] it holds that 
suPsg[o,T]ll^s IIl 2 (p.Hp) < oo andP-a.s. that 


X/ = e^*P/^+ [ e^('-")P7F(Xj)ds+ [ e^(*-*)P/B(Xf) dlT, 

Jo Jo 

Then it holds for all (f G (^^(Ho,]^), I G V{M) \ {H} that 


|eP(.y®)] -eP(a'')]| 

— II7’IIc2(Ho,k)(^ V T)(1 V ||'C|Il 2 (P;Hp)) 
+ I|F|h " 


II A —4II2 II"RI In 

p|lLipO(Hp,H2(.,_^)) Ih*- lli2(Ho)II^IHp||LipO(Hp,L(C/,H.,)) 


IV [T(C| + 2Cb)] ^ jexp(T [2 + 3|F|LipO(Ho,Ho) +'^l^lLipO(Ho,L 2 (f/,Ho))] ) 


■ exp T 


2 F 


Hp|lLipO(Hp,Hp) 


B|H 


p|lLipO(Hp,L2WHp)) 


inf I Ah I 

hem\i 


’-7 


< oo. 


(3.48) 


(3.49) 


3.3 Examples 

3.3.1 Semilinear stochastic wave equations and the hyperbolic Anderson model 

The following elementary lemma is well-known (cL, e.g.. Example 37.1 in Sell & You [36]). 

Lemma 3.10. Let IK G {]R,C}, let (77, (•, •)i 7 , H-Hj:^) be a IK-Hilbert space, /et El C 77 be an 
orthonormal basis of H, let A: D{A) <L H ^ H be a symmetric diagonal linear operator with 
inf(cTp(A)) > 0 , and let {Hr, {■, ■)Hryll'lln ^ 1 ^; be a family of interpolation spaces associated 

to A. Then 


(i) for all V G UseR Hs, r it holds that v ^ Hr if and only if 


sup 

«)espan^ij(H)\{ 0 } 


\{w,v) 


Ho\ 






< OO, 


(3.50) 


(ii) for a// s G M, n G 77_s, r G [—s, oo) it holds that v E Hr if and only if 

\{w,v)ho\ ^ 

sup -7^—n- < oo, 

weHs\{0} WMlH.r 


(3.51) 
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(3.52) 


(in) and for all r E M., v ^ Hr, s E [— r, cxd) it holds that 

\{w,v)ho\ 




sup 


= sup 


\{w,v) 


Ho\ 


wGspanjj^{m)\{0} W^WH-r weHs\{0} W^WH^r 


In the next result, Corollary 3.11 we illustrate Corollary 3.8 by a simple example. The proof 
of Corollary |3.11 is elementary and well-known. 


Corollary 3 . 11 . LetT,'d E ( 0 , cxd), 7 E (1/4, 1/2), pE [0,1/2], r E [i/e, cxd), let P) be a proba¬ 
bility space with a normal filtration l^t [H, (•, ■)h, be the M.-Hilbert space given by 

i^t)t&[o,T] be an idn-cylindrical 

{iFt)t&[o,T]-V^icner process, let {e„}„gN ^ H satisfy for all n E N and A(o,i)-a.e. x E (0,1) that 
Cn{x) = ■\/2sin(n7ra;), let A: D{A) C H ^ H be the Laplacian with Dirichlet boundary conditions 
on H multiplied by d, let {Hg, (■, ■)h„, \\-\\h ), s G M, be a family of interpolation spaces associated 
to —A, let Pat: Hq x H_i /2 -e Hq x i^_i/ 2 , N E NU {c)o}, be the mappings which satisfy for all 
N eNU {cx)}, {v,w) E HqX H_y 2 that Pp^{v,w) = Yln=ii(^n, v) nCn, {\fd'Kner,,w)H_y^\fdT^nen), 
let A; D{A) C Ho x H^iy -E Ho x H^iy be the linear operator such that D{A) = Hiy x Hq 
and such that for all {v, w) E Hi/ 2 X Ho it holds that A {v,w) = {w,Av), let ^ E H{F\jry,Hy 2 x 
Ho), (p G C(,{Ho X if_i/ 2 ,M), / G Lip^((0,l) x M, M), B E Lip°(ifo,-h2(hfo,-ff-i/a)) satisfy that 
B\hp £ ^iv\Hp,L 2 {Ho,Hp_iy)nL{Ho,H^-y 2 )), B\Hr ^ Cl{Hr, L 2 {Ho, H_y 2 )), and sup 
^^PvuV2&Hr,\\vi\\„^W\\v2\\„^<l\\B”{x){Vi,V2)\\L2(Ho,H_y2) < F; hfo X hf_i /2 ^ Hiy X Ho 

and B: ifo X hf_i /2 —)■ L 2 {Ho, Ho x hf- 1 / 2 ) be the mappings which satisfy for all {v, w) E Ho x H_i /2 
and A(o,i)-a.e. x E (0,1) that (F(n,w))(a;) = ( 0 ,/(x, n(a;))) and B( v,w) = (0,i?(n)). Then 

(i) it holds that F G Lip°(ido X H_y2,Hy2 x Hq), P\HrxH,._y2 ^ Lip^(id^ x Hr-iy.Hiy x Hq), 
B G Lip°(ifo X H-iy, L2 {Ho, Ho x H^iy)), ^\HpxH^_y2 £ Hip^{Hp x Hp^iy, L2{Ho, Hp x 
Hp-1/2) A L{Ho, H^ X H^_y2)), 'B\HrxH,._y2 ^ X Hr-iy, L2 {Ho, Ho X id.i/a)), and 


Vd G (—00,1/4): 


sup 

^ G Hr X H^ _1/2 ’ 

yi,t}2£HrXH,._y2\{A 


F"(x)(i;i,t;2)|| 




< 00 , 
(3.53) 


(a) there exist up to modifications unique {Bt)t^[o,T]-P'ccdictable stochastic processes : [0,T] x 
Q -E Pn{Hp X Hp_y2), N E NU {c)o}, which satisfy for all N E N U {cxd}, t E [0,T] that 
sup,6[0,T]ll^i^llL2(P;//,xn^_i/2) < ^ andF-a.s. that 


Af = 


e^‘Pive + 


[ e^(‘-*)P/vF(Xf) ds + [ e^(*-")P 7 vB(Xf)diy„ 

Jo Jo 


(3.54) 


(Hi) and for all e E (4(1/2 — 7 ), cx)) there exists a real number C E [0, cx)) such that for all N Efi 
it holds that 

|E[(p(A~)] - E[(p(A//)] I < C ■ N^-\ (3.55) 


Proof of Corollary \3. 1 1 \ Throughout this proof let fk,e- (0,1) x M —)■ M, G {0,1,2} with 
A; -|- £ < 2, be the mappings such that for all k,i E (0,1,2}, {x,y) E (0,1) x M with k + I < 2 
it holds that fk,e{x,y) = { g^l^ye f) [x, y) and let F: Ho ^ Ho he the mapping such that for all 
V E Ho and A(o,i)-a.e. x E (0,1) it holds that (F(u))(x) = f{x,v{x)). Then note for all u,v E Ho, 
w E H_y 2 that (F(n,ta))(x) = (0,F(n)) and that 


||F(n)-F(n)||^^ = \f{x,u{x))-f{x,v{x))\'^dx^ < 


lLipO((0,l)xI 


\U 


\Ho^ 


(3.56) 
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which proves that F G Lip°(iJo) Hq) and hence that F G Lip°(ifo X -f/^- 1 / 2 , -f^i /2 x Hq). Next observe 
that the Sobolev Embedding Theorem ensures for all 5 G [1, 6] that 


lFllLhA(0,i);«) ^ 

sup -n-r- < CXD. 

weHr\{ 0 } 

Moreover, it holds for all v,h E Hq and A(o,i)-a.e. x G (0,1) that 
\f{x,v{x) + h{x)) - f{x,v{x)) - fo^i{x,v{x))h{x)\ 


(3.57) 


[fo,i{x,v{x) +yh{x)) - fo^i{x,v{x))]h{x) dy 


— l/lLiph(0,l)xR,R) 


\h{x)\^ 


(3.58) 


This, Holder’s inequality, and (3.57) imply for all v G Hr, h E Hr \ {0} that 


\f{x,v{x) + h{x)) - f{x,v{x)) - fo^i{x,v{x))h{x)f dx 


Hr \->0 


1/2 


/in ■■ / I ^1 f __ IFIIl4(A(o.i);R) 

— 1/lLiph(0,l)xR,R) ||T|| — l/lLiph(0,l)xR,R) 1 


Hr 


weHr\{0} W'^llHr 


(3.59) 


Hr 


< 00 . 


In addition, it holds for all v,h E Hr that 


1/2 


\fo,lix,v{x))h{x)\ dx j < |/|(71((o,i)xR,R)II^IIho — l•^lcl(( 0 ,l)xR,R)ll^ll 


Hr 


(3.60) 


lLip°((0,l)xR,R)ll'dln', 


< 00. 


Inequalities (3.59) and (3.60) prove that Fl^r- Hr —)■ Hq is Frechet differentiable, that for all 
v,h E Hr and A(o,i)-a.e. x E (0,1) it holds that 


{F'{v)h){x) = fQ^i{x,v{x))h{x), 


(3.61) 


and t hat < |/Ic'1((o,i)xr,r) < oo- Furthermore, Holder’s inequality and 

(3.57) show for all u,v,h E Hr that 


||(F'(m)-F'( n))h||^^ = / \[fo^i{x,u{x)) - fo,i{x,v{x))]h{x)\ dx 


1/2 


— l/lLiph(0,l)xR,R)ll'“ '^IIl4(A(o_i);R)II"'IIl4(A(o^^);]E 


(3.62) 


— 17 lLiph(0,l)xR,R) 1 




ihA(o,i);]i 


weHr\{ 0 } IFIIh, 


\u — v\ 


Hr\\"'\\H 


< 00 , 


which ensures that F\Hr £ Lip^(i7r, 77o)- Similarly, observe for all v,h,g E Hq and A(o,i)-a.e. 
X E (0,1) that 


\fo,i{x,v{x) +g{x))h{x) - fQ^i{x,v{x))h{x) - fQ^2{x,v{x))h{x)g{x)\ 


[fo, 2 {^, v{x) + ygix)) - /o, 2 (a;, n(a;))] h{x)g{x) dy 


— l/lLip2((0,l)xR,R)l^(^)ll7(^)l 


(3.63) 
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This, Holder’s inequality, and (3.57) establish for all n, h G g G Hr\ {0} that 


Hr 


\fo^i{x,v{x) +g{x))h{x) - fo,i{x,v{x))h{x) - fo^ 2 {x,v{x))h{x)g{x)\ dx 

i,l)x]R,E) f 

WdWn, 


1/2 


< / f\h{x)f\g{x)\Ux'^ ' 


< 1/1 


(3.64) 


Lip^((0,l)xR,R) 




— l/lLip2((0,l)x]R,M) ( 


lkllL6(A(o i); 


W(^Hr\{ 0 } W^llHr 


HrW^WH, 


< oo. 


Furthermore, Holder’s inequality and (|3.57|) also prove for all v,h,g G Hr that 

r-l 

'0 


1/2 


\fo, 2 {X:Hx))h{x)g{x)\ dxj < |/Ic2((o,i)xr,m)II^IIl4(A(o^^,;M)II^IIl4(A(,^^,;I 


< I/Ic 2 (( 0 , 1 )xR,R)( sup - 


\\h\\Hr\\9\\ 


Hr 


(3.65) 


lLiph(0,l)xR,R) 1 sup 


||w| 


-^'^('^{0,1)1®) 


W&Hr\{ 0 } W'^llHr 


HrW^^H 


< OO. 


Combining (3.64) and (3.65) ensures that Hr —?■ Hq is twice Frechet differentiable, that for 

all v,h,g E Hr and A(o,i)-a.e. x G (0,1) it holds that 


and that 


{F"{v){h,g)){x) = fo, 2 ix,v{x))h{x)g{x), 


sup ||F"(n) 11^(2,sup I <oo. 


vGH, 


w£Hr\{ 0 } IFIIh, 


(3.66) 

(3.67) 


In addition. Holder’s inequality and (3.57) establish for all u,v, h,g E Hr that 

||(F"(m) - F"(n))(h,^)||^^ = \ [fo, 2 {x,u{x)) - fo,i{x,v{x))]h{x)g{x)\‘^ dx 

— l/lLiph(0,l)xR,R)ll'^ ~ '^llL6(A(o,i);R)ll^ilL®(A(o.i);R)ll^llL®(A(o.i);R) 


1/2 


(3.68) 


— 17 lLip2((0,l)xR,R) 1 sup 




iS(A(o,i);]E 


W&Hr\{0} \\W\\Hr 


\u-v\\Hj\h\\^Jg\\j^^ < oo. 


This shows that F\Hr £ Lip^(i 7 r, FTo) and hence that F\HrxH^_y2 G Lip^(i 7 r x Hr-1/2, Hy2 x Hq). 
Next, note that the assumptions that B E Lip°(i 7 o, L 2 {Ho, FT.i/j)), B\hp E Lip°(i 7 p, L 2 {Ho, Tfp.i/j) 
nL(i 7 o,-f7.y-i/2)), and B\Hr e Cl{Hr, L2 {Hq, H_y2)) ensure that B G Lip°(i 7 o x H_i/2, L2{Ho, Hq x 
77 . 1 / 2 )), BI 1/2 ^ Fip^{HpXHp_i/2, L2 {Hq, HpXHp_i/2)r\L{HQ, HryXH^_i/2)), and'B\HrxH^_y2 ^ 

C^{Hr X Hr-1/2, L2 {Ho, Hq X 77.1/2)). In addition. Lemma 3.10 proves for all 6 E (—00, ^/a) that 

{w,F''{v){h,g))Ho 

I II II 

weHy2_s\{0} \\^\\Hy2-S 


l|7^"(n)(h,^)||„ = sup 


— I/Ic 2 (( 0 , 1 )xR,R) 1 sup 

' \w&Hy2_s\{0} l|W^ 


ll^lln°°(A(o.i);R) 


\H 


1/2.5 


(3.69) 


Holl^'lliTo < 
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This and the assumption that sup 


X,Vl,V2&Hr, 




\B‘ 


< OO show 


A{v,w) = 


IV 2 , 


(3.70) 


( 3 . 53 ) and thus complete the proof of (i). Furthermore, (ii) follows directly from (i) and Remark 3.1 
In the remainder of this proof (iii) is established. Let e G (4(^/2 — 7), 1 ], (3 G (1/2, 27] and A„ G M, 
n G N, be real numbers which satisfy for all n G N that (3 = 1/2 + (^-4(V2-7)y2 and A„ = —'dir'^n^. In 
addition, let A: D{A) C HoxH- 1/2 —)■ HoxH- 1/2 be the linear operator such that D{A) = H 1 / 2 XH 0 
and such that for all {v, w) G H1/2 x Hq it holds that 

Y17.i\X\''’(en,v)H„e. 

Then note for all v & Hi that Av = ^n{^n, v)H q^u and that < 00 . Further¬ 

more, observe that (i) and the fact that 27 — /3 = (i-s )/2 imply that F G Lip°(i7o x H-1/2, 7727-/3 x 
7 / 27 -/ 3 - 1 / 2 )- This and again (i) enable us to apply Corollary 3.8 to obtain that there exists a real 
number C G [ 0 , 00) such that for all iV G N it holds that 

|E[(p(X“)] - E[(p(X^)] I < C\XN+if~^"' < ■ C ■ N^-\ 

The proof of Corollary |3.11| is thus completed. 


(3.71) 

□ 


In the proof of Corollary |3.13| below we use the following elementary and well-known result. 
Lemma 13.121 


Lemma 3.12. Let IK G {M,C}, let (77, (■,•)//, H-H^) be a IK-Hilbert space, let M. H be an 
orthonormal basis of H, let A: D{A) ^ H ^ H be a symmetric diagonal linear operator with 
inf(crp(A)) > 0, let {Hr, (•, \\-\\h ), t G M, be a family of interpolation spaces associated to A, 

and /ef g G M, p G [q, 00 ), s G M, r G [s, cx)). Then 

(i) for all B G L{Hq,Hg) it holds that B G L{Hq,Hr) if and only if 

1^7?(spanj|^i^(]HI)) 'T Hr and sup < cx)V (3.72) 

V u)espan^^(H)\{0} / 


(ii) for all B G L{Hq,Hs) it holds that B G L{Hq,Hr) if and only if 

(B{Hp) C Hr and sup 




(iii) and for all B G L{Hq, Hr) it holds that 


< 00 


weHp\{0} 


Ha 


\B\ 


L{Hq,Hr) 


sup 


lIBwII 


Hr 


= sup 




Hr 


«)espan^i^(e)\{0} W^llHg weHp\{0} 


\W\ 


Ha 


(3.73) 


(3.74) 


Corollary 3.13 (Hyperbolic Anderson model). Let T,-d E (0, cxd), a, (3 G M, let (12,7^, P) be 
a probability space with a normal filtration {3Ft)t&[o,T], l^t (77, (•, ■)//, IHIji^) be the M.-Hilbert space 
given by {H,{-,-)h,Hh) = (^^(^( 0 , 1 ); K), (•, •)l2(A(o,i);R), , let {Wt)teio,T\ be an id^- 

cylindrical {iFt)t£[o,T]-^iener process, let {en}ngN C H satisfy for alln eN and A(o,i)-a.e. x E (0,1) 
that e„(x) = \/2An.{n'Kx), let A: D{A) <E H ^ H be the Laplacian with Dirichlet boundary 
conditions on 77 multiplied by d, let {Hr, {■,-)Hrj IMIir )? ^ be a family of interpolation spaces 

associated to —A, lefPj^-. 77ox77_i/2 —)■ 77ox77_i/2, N E NU{cxd}, be the mappings which satisfy for 
allN E NU{oo}, {v,w) E 77ox77_i/2 that'PM{v,w) = Yln=iilTri,v)nen, {\fdTmen,w)H_y^\f&'Knen) , 
let A; 71(A) C Ffg x 77_i/2 -E HqX 77_i/2 be the linear operator such that 71(A) = H 1 J 2 x Hq and 
such that for all {v,w) G 77i/2 x Hq it holds that A{v,w) = {w,Av), let f G L^(P| 77i/2 x Hq), 

(p G C(^{Ho X 77_i/2,M), / G Lip^((0,1) x M,M), and let F: Hq x 77_i/2 — >■ H 1/2 x Hq and B; 77o x 
77_i/2 -e L2(77o, 77o x 77_i/2) be the mappings which satisfy for all {v,w) E Hq x H_y 2 , u E Hi and 
X{o,i)-CL.e. X E (0,1) that (F(n,tc)) (/c) = (0, f{x,v{x))) and (B(n, w)u) (x) = ( 0 , {a + (3v{x))u{x)). 
Then 
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(i) there exist up to modifications unique {J^t)t&[o,T]-pf'^dictahle stochastic processes : [0,T] x 
fl —>■ flpep 1 / 4 ) X -f^p- 1 / 2 ), N G NU{oo}, which satisfy for all p G [0, ^/a), N G NU{oo}, 

t G [0,T] sup,g[o,T]ll^i^llL2(P;iy,xH^_i/2) < and¥-a.s. that 


Xf = e^*Piv^+ [ e^(*-'*)p^F(Xf)ds+ [ e^(*-")PArB(Xf) dlF, 

Jo Jo 


(3.75) 


(a) and for all e G (0, cx)) there exists a real number C G [0, cx)) such that for all N it holds 
that 

|E[(p(X~)] - E[(p(X^)] \<C- N^-\ (3.76) 

Proof of Corollary 3.13[ Throughout this proof let B\ Hq ^ L 2 {Ho, H-i/f) be the mapping which 
satisfies for all v G Hq, u G Hi and A(o,i)-a.e. x G (0,1) that [B{v)u){x) = {a + (3v{x))u{x). 
Section 7.2.1 in 


22 


then implies for all p G [ 0 ,^/ 4 ) that B G Lip^(i7o,-f^2(77o,-ffp-i/ 2 ))- Item (i) 


m 


Corollary 3.11 and Remark 3.1 thus prove (i). Next observe that the Sobolev Embedding Theorem 


proves for all p G (0, 74 ) that 

kllLV(2p)(A(o,i);: 


sup 

-iiiSiTiVtO} 


\w\ 


Hvi- 


/4,-p 


V 


sup 

w&Hp\{0} 


\W\ 


Ho 


< CX). 


(3.77) 


This and Holder’s inequality ensure for all p G (0, y4), v G i7p, u & Hi that 

\{w,B{v)u)Hfi 


sup 

w&Hi\{0} 


\w 


< 


< 


sup 

toei?i\{o} 


sup 

w&HiXlO} 


^^V4-P 

II'^IIlV(2p)(A((, 

"m/4-p 
11'^111,V(2p)(A 


( 0 , 1 ) 


'*^IIl2/(1-4p)(A((,ij; 


(3.78) 




^^1/4- 


-/A-p 


sup 

wGHpXlO} 




Ho 


Qc + yull^ ||m| 


Ho 


< 00 . 


Lemma 3.10 hence shows for all p G (0, y 4 ), v G Hp, u E Hi that B{v)u G Hp_ip. In addition, 
(3.78), Lemma 3.10, and Lemma 3.12 prove for all p G (0, 1 / 4 ), v E Hp that B{v) E L{Hq, Hp_ip). 
For the remainder of this proof, let e E (0,1], 7 G ( 1/2 —y 4 , 1 / 2 ) and p G [7 —y 4 , 1 / 4 ). It then follows 
for all v,w E Hp, u E Hi that 


\\{B{v) - B{w))u\\h = sup 

^ w&Hi\{0} 


\{w,{B{v) - B{w))u)ho\ 

liter 


< 


te 


sup 

uieiti\{o} 


IIlV(2p)(a, 




te 


Hi 


/4-p 


'^V4-P 

I'^ll lP{i- 


sup 

uiettp\{o} 




te 


Ho 


(3.79) 


l/^lll^' -w^IIhJIwIIho < 


This, Lemma 


3.10 


and Lemma 


3.12 


establish that B\hp E Lip^{Hp, L{Ho, H^^i/ 2 )). Corollary 


thus completes the proof of Corollary 3.13 


3.11 


□ 


References 

[ 1 ] Andersson, a., KovAcs, M., and Larsson, S. Weak error analysis for semilinear stochas¬ 
tic Volterra equations with additive noise. ArXiv e-prints (Nov. 2014). arXiv:1411.6476 
[math.NA]. 

[2] Andersson, A., Kruse, R., and Larsson, S. Duality in rehned Sobolev-Malliavin spaces 
and weak approximations of SPDE. ArXiv e-prints (Dec. 2013). arXiv: 1312.5893 [math.PR], 


24 













































[3] Andersson, a., and Larsson, S. Weak convergence for a spatial approximation of the 
nonlinear stochastic heat equation. ArXiv e-prints (Dec. 2012). arXiv: 1212.5564 [math.NA], 

[4] Anton, R., Cohen, D., Larsson, S., and Wang, X. Full discretisation of semi-linear 
stochastic wave equations driven by multiplicative noise. ArXiv e-prints (Feb. 2015). arXiv: 1503. 
00073 [math.NA], 

[ 5 ] Brehier, C.-E., and Kopec, M. Approximation of the invariant law of SPDEs; error 
analysis using a Poisson equation for a full-discretization scheme. ArXiv e-prints (Nov. 2013). 
arXiv: 1311.7030 [math.NA], 

[6] Brehier, C.-E. Approximation of the invariant measure with an Euler scheme for stochastic 
PDEs driven by space-time white noise. Potential Anal. 40, 1 (2014), 1-40. ISSN: 0926-2601. 
DOI: 10.1007/S11118-013-9338-9, URL: http://dx.doi.org/10.1007/sllll8-013- 
9338-9. 

[ 7 ] Brehier, C.-E. Strong and weak orders in averaging for SPDEs. Stochastic Process. Appl. 


122, 7 (2012), 2553-2593. ISSN: 0304-4149. DOI: 

10 . 1016/j . spa . 2012 . 04.007, 

http://dx .doi.org/10.1016/j. spa. 2012.04.007 



[8 ] Cohen, D., Larsson, S., and Sigg, M. A trigonometric method for the linear stochastic 
wave equation. SIAM J. Numer. Anal. 51, 1 (2013), 204-222. ISSN: 0036-1429. DOI: 10 . 
1137/12087030X. URL: http://dx.doi.org/10.1137/12087030X, 

[9] Cohen, D., and Quer-Sardanyons, L. A fully discrete approximation of the one-dimensional 
stochastic wave equation. IMA Journal of Numerical Analysis (2015). DOI: 10.1093/imanum/ 
drv006. eprint: http : / / imajna . oxford journals . org/content/early/2015/03/ 11/ 
imanum. drv006 . full. pdf+html. URL: http : / / imajna . oxford journals . org/content/ 
early/2015/03/11/imanum.drv006.abstract, 

[10] Conus, D., Jentzen, A., and Kurniawan, R. Weak convergence rates of spectral Galerkin 
approximations for SPDEs with nonlinear diffusion coefficients. ArXiv e-prints (Aug. 2014). 
arXiv: 1408.1108 [math.PR], 

[11] Conus, D., Joseph, M., Khoshnevisan, D., and Shiu, S.-Y. Intermittency and chaos for a 
stochastic non-linear wave equation in dimension 1. ArXiv e-prints (Dec. 2011). arXiv:1112. 
1909 [math.PR], 

[12] Da Prato, G., Jentzen, A., and Roegkner, M. A mild Ito formula for SPDEs. ArXiv 
e-prints (Sept. 2010). arXiv: 1009.3526 [math.PR], 

[13] Da Prato, G., and Zabgzyk, J. Stochastic equations in infinite dimensions. Vol. 44. 
Encyclopedia of Mathematics and its Applications. Gambridge University Press, Gambridge, 
1992, xviii+454. ISBN: 0-521-38529-6. DOI: 10.1017/CB09780511666223. URL: http://dx. 
doi.org/10.1017/CB09780511666223, 

[14] Dalang, R. G. The Stochastic Wave Equation. In: A Minicourse on Stochastic Partial 
Differential Equations. Ed. by KHOSHNEVISAN, D., AND Rassoul-Agha, F. Vol. 1962. 
Lecture Notes in Mathematics. Springer Berlin Heidelberg, 2009, 39-71. ISBN: 978-3-540- 
85993-2. DOI: 10.1007/978-3-540-85994-9.2, URL: http://dx.doi.org/10.1007/978- 
3-540-85994-9.2. 

[15] DE Bouard, a., and Debussghe, a. Weak and strong order of convergence of a semidis¬ 
crete scheme for the stochastic nonlinear Schrodinger equation. Appl. Math. Optim. 54, 3 


(2006), 369-399. ISSN: 0095-4616. DOI: 

10.1007/S00245-006-0875-0. URL: 

http : / / dx 

doi.org/10.1007/S00245-006-0875-0 



[16] Debussghe, A. Weak approximation of stochastic partial differential equations: the nonlin¬ 
ear case. Math. Comp. 80, 273 (2011), 89-117. ISSN: 0025-5718. DOI: 10.1090/S0025-5718- 
2010-02395-6. URL: http://dx.doi.Org/10.1090/S0025-5718-2010-02395-6, 


25 







|17| 

|18| 


|19| 

| 20 | 

| 21 | 

| 22 | 

|23| 

|24| 


|25| 

|26| 

|27| 


|28| 

|29| 

|30| 


Debussche, a., and Printems, J. Weak order for the discretization of the stochastic heat 
equation. Math. Comp. 78, 266 (2009), 845-863. ISSN; 0025-5718. DOI; 10.1090/S0025- 
5718-08-02184-4. URL: http://dx.doi.Org/10.1090/S0025-5718-08-02184-4, 

Geissert, M., KovAcs, M., and Larsson, S. Rate of weak convergence of the hnite 
element method for the stochastic heat equation with additive noise. BIT 49, 2 (2009), 343- 


356. ISSN: 0006-3835. DOI: 

10.1007/sl0543-009-0227-y, URL: 

http://dx.doi.org/10 

1007/sl0543-009-0227-y 



Hausenblas, E. Weak approximation for semilinear stochastic evolution equations. In; 
Stochastic analysis and related topics VIII. Vol. 53. Progr. Probab. Birkhauser, Basel, 2003, 
111-128. 


Hausenblas, E. Weak approximation of the stochastic wave equation. J. Comput. Appl. 
Math. 235, 1 (2010), 33-58. ISSN: 0377-0427. DOI; 10.1016/j . cam. 2010.03.026, URL; 
http://dx.doi.org/10.1016/j.cam.2010.03.026, 

Henry, D. Geometric theory of semilinear parabolic equations. Vol. 840. Lecture Notes in 
Mathematics. Springer-Verlag, Berlin-New York, 1981, iv+348. ISBN: 3-540-10557-3. 


Jentzen, a. Stochastic Partial Differential Equations: Analysis and Numerical Approxima¬ 
tions. Lecture Notes, ETH Zurich. 2015. URL; https://www2.math.ethz.ch/education/ 
bachelor/lectures/fs2015/math/numsol/NASPDE_128.pdf, 


Jentzen, A., and Kurniawan, R. Weak convergence rates for Euler-type approximations 
of semilinear stochastic evolution equations with nonlinear diffusion coefficients. ArXiv e- 
prints (Jan. 2015). arXiv: 1501.03539 [math.PR], 


Kloeden, P. E., and Platen, E. Numerical solution of stochastic differential equations. 
Vol. 23. Applications of Mathematics (New York). Springer-Verlag, Berlin, 1992, xxxvi+632. 


ISBN: 3-540-54062-8. DOI: 

10.1007/978-3-662-12616-5. 

1007/978-3-662-12616-5 



Kopec, M. Quelques contributions a I’analyse numerique d’equations stochastiques. PhD 
thesis. Ecole normale superieure de Rennes - ENS Rennes, June 2014. URL: https://tel. 
archives-ouvertes.fr/tel-01064811. 


KovAcs, M., Lindner, F., and Schilling, R. L. Weak convergence of hnite element 
approximations of linear stochastic evolution equations with additive Levy noise. ArXiv e- 
prints (Nov. 2014). arXiv:1411.1051 [math.PR], 

KovAcs, M., Larsson, S., and Lindgren, F. Weak convergence of hnite element ap¬ 
proximations of linear stochastic evolution equations with additive noise. BIT 52, 1 (2012), 


85-108. ISSN: 0006-3835. DOI; 

10.1007/S10543-011-0344-2, URL; 

http: //dx.doi.org/ 

10.1007/S10543-011-0344-2 



KovAcs, M., Larsson, S., and Lindgren, F. Weak convergence of hnite element ap¬ 
proximations of linear stochastic evolution equations with additive noise 11. Fully discrete 
schemes. BIT 53, 2 (2013), 497-525. ISSN: 0006-3835. 


KovAcs, M., Larsson, S., and Saedpanah, F. Finite element approximation of the linear 
stochastic wave equation with additive noise. SIAM J. Numer. Anal. 48, 2 (2010), 408-427. 
ISSN: 0036-1429. DOI; 10.1137/090772241, URL; http://dx.doi.org/10.1137/090772241, 

KovAcs, M., AND Printems, J. Weak convergence of a fully discrete approximation of 
a linear stochastic evolution equation with a positive-type memory term. J. Math. Anal. 
Appl. 413, 2 (2014), 939-952. ISSN: 0022-247X. DOI; 10.1016/j . jmaa. 2013.12.034, URL; 
http://dx.doi.org/10.1016/j.jmaa.2013.12.034, 


26 




|31| 


|32| 

|33| 


|34| 


1351 

136 | 

| 37 | 

138 | 

1391 

1401 

1411 

1421 


1431 


Kruse, R. Strong and weak approximation of semilinear stochastic evolution equations. 
Vol. 2093. Lecture Notes in Mathematics. Springer, Cham, 2014, xiv+177. ISBN: 978-3-319- 
02230-7; 978-3-319-02231-4. DOI; 10.1007/978-3-319-02231-4, URL; http://dx.doi. 
org/10.1007/978-3-319-02231-4, 

Lindgren, F. On weak and strong convergence of numerical approximations of stochastic 
partial differential equations. PhD thesis. Chalmers University of Technology, 2012. ISBN: 
978-91-7385-787-1. 


Lindner, F., and Schilling, R. L. Weak order for the discretization of the stochastic heat 
equation driven by impulsive noise. Potential Anal. 38, 2 (2013), 345-379. ISSN: 0926-2601. 
DOI: 10.1007/sllll8-012-9276-y, URL: http://dx.doi.org/10.1007/sllll8-012- 
9276-y. 

Milstein, G. N. Numerical integration of stochastic differential equations. Vol. 313. Math¬ 
ematics and its Applications. Translated and revised from the 1988 Russian original. Kluwer 
Academic Publishers Group, Dordrecht, 1995, viii+169. ISBN: 0-7923-3213-X. DOI; 10.1007/ 
978-94-015-8455-5, URL: http://dx.doi.org/10.1007/978-94-015-8455-5, 

Quer-Sardanyons, L., and Sanz-Sole, M. Space semi-discretisations for a stochas¬ 
tic wave equation. Potential Anal. 24, 4 (2006), 303-332. ISSN: 0926-2601. DOI; 10.1007/ 
S11118-005-9002-0, URL: http://dx.doi.Org/10.1007/sllll8-005-9002-0. 

Sell, G. R., and You, Y. Dynamics of evolutionary equations. Vol. 143. Applied Math¬ 
ematical Sciences. Springer-Verlag, New York, 2002, xiv+670. ISBN: 0-387-98347-3. DOI: 
10.1007/978-1-4757-5037-9, URL: http://dx.doi.org/10.1007/978-l-4757-5037-9, 

Shardlow, T. Weak convergence of a numerical method for a stochastic heat equation. 
BIT 43, 1 (2003), 179-193. ISSN; 0006-3835. DOI; 10.1023/A: 1023661308243, URL: http: 
//dx.doi.org/10.1023/A:1023661308243, 

Thomas, L. E. Persistent energy flow for a stochastic wave equation model in nonequilibrium 
statistical mechanics. J. Math. Phys. 53, 9 (2012), 095208, 10. ISSN: 0022-2488. DOI; 10.1063/ 
1.4728986. URL: http://dx.doi.Org/10.1063/l.4728986, 

Walsh, J. B. On numerical solutions of the stochastic wave equation. Illinois J. Math. 
50, 1-4 (2006), 991-1018 (electronic). ISSN: 0019-2082. URL: http://projecteuclid.org/ 
euclid.ijm/1258059497, 

Wang, X. Weak error estimates of the exponential Euler scheme for semi-linear SPDEs 
without Malliavin calculus. ArXiv e-prints (Aug. 2014). arXiv: 1408.0713 [math.NA], 

Wang, X. An exponential integrator scheme for time discretization of nonlinear stochastic 
wave equation. J. Sci. Comput. 64, 1 (2015), 234-263. ISSN: 0885-7474. DOI: 10. 1007/ 
S10915-014-9931-0, URL: http://dx.doi.org/10.1007/sl0915-014-9931-0. 

Wang, X., and Gan, S. Weak convergence analysis of the linear implicit Euler method 
for semilinear stochastic partial differential equations with additive noise. J. Math. Anal. 
Appl 398, 1 (2013), 151-169. ISSN: 0022-247X. DOI: 10.1016/j . jmaa. 2012.08.038, URL: 
http: //dx.doi.org/10.1016/j.jmaa.2012.08.038, 

Wang, X., Gan, S., and Tang, J. Higher order strong approximations of semilinear stochas¬ 
tic wave equation with additive space-time white noise. SIAM J. Sci. Comput. 36, 6 (2014), 
A2611-A2632. ISSN: 1064-8275. DOI; 10.1137/130937524, URL: http://dx.doi.org/10. 
1137/130937524. 


27 






